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Motivation

In many empirical applications, the target object is in a union bound

0 € |minAyp, maxA
beB tb beB ub

®  is the target object
® (Ap Ay) € R2Bl s unknown but estimable

® 3 is the set of indices: known and finite

The goal of this paper: Construct a confidence interval for 6
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Examples
DiD: Manski and Pepper (2018, REStat), Rambachan and Roth (2023, REStud)
What if the parallel trends assumption does not hold?

* Treated
L ¢ Untreated

0 =ATT € Lr;]el??/\e’b' T:Z;(A“'b
where B={—(T—-1),..,T—1,T},

y=MA,  ifb=—(T—-1),..0,

Arn=A =
Lo fub {'H—MA,,T fb=1,.T
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DiD: Manski and Pepper (2018, REStat), Rambachan and Roth (2023, REStud)
Misspecification Analysis: Stoye (2022, WP)

The identified set for 6 is [0, 6], and this set is empty if 6; > 0y

Stoye (2022, WP) suggests reporting the misspecification robust identified set

oyb + 0.6y
0, 0py|Uy ——
[0, 90} { oL +oy }

where 0, and oy are the standard deviations for §; and

0e {min{gL’M}’ maX{QU,M}
o +oy o +oy
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DiD: Manski and Pepper (2018, REStat), Rambachan and Roth (2023, REStud)
Misspecification Analysis: Stoye (2022, WP)

The identified set for 6 is [0, 6], and this set is empty if 6; > 0y

Stoye (2022, WP) suggests reporting the misspecification robust identified set

oyb + 0.6y
0, 0py|Uy ——
[0, 90} { oL +oy }

where 0, and oy are the standard deviations for §; and

0e {min{gL’M}’ maX{QU,M}
o +oy o +oy

Sign congruence: Molinari, Miller, Stoye (2024, WP)
Whether an average treatment effect has the same sign accross two groups

Hop : 0162 > 0 < Hp : 0 € [min{61, —61}, max{62, —62}]



Examples

® Difference-in-Differences: Hasegawa, Small, Webster (2019, Epidemiology), Ye,
Keele, Hasegawa, and Small (2023, JASA), Ban and Kédagni (2023, WP)

® Regression Discontinuity Design: Kolesar and Rothe (2018, AER)
® Bunching and Income Elasticity: Blomquist, Newey, Kumar, and Liang (2021, JPE)

® Sign congruence: Brinch, Mogstad, Wiswall (2017, JPE), Kowalski (2022, RES),
Kim (2024, WP)

® Misspecification Analysis: Masten and Poirier (2021, ECTA), Apfel and Windmeijer
(2022, WP)

® Instrumental Variables: Machado, Shaikh, and Vytlacil (2019, JoE)
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Compare with Existing Procedures

My method improves upon existing valid procedures

My Simple Hybrid Adj. Boot.
Adjust for union v X X v
Apply to general cases v v X v
\/n conv. rate to id set v v v X

® Simple Cl: Kolesar and Rothe (2018, AER), among others
® Hybrid Cl: Rambachan and Roth (2023, RES)

® Adjusted Bootstrap: Ye, Keele, Hasegawa and Small (2023, JASA)
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Guggenberger (2009), D. Andrews and Soares (2010), Chernozhukov, Lee, and Rosen (2013), D. Andrews
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® This paper complements the intersection bounds @EEEEEED
Directionally Differentiable Functions
Hirano and Porter (2012), Fang and Santos (2019), Fang (2018), Ponomarev (2022), among others
® This paper sheds light on inference of direct. diff. func. w/o convex null

Conditional Inference

I. Andrews and Mikusheva (2016), I. Andrews, Roth and Pakes (2016), I. Andrews, Kitagawa, McCloskey
(2021, 2023), Rambachan and Roth (2023), among others

® This paper widens the use of the conditional inference technique
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Setting

The target object

6 € |minAy,, maxA
LGB b BB "'b}
where Ay and A, are | B|-dimensional vectors

Assume that Xg, Ay are asymptotically normal

//i/—)\p d
~° - N(0,Z
ﬁ( Au— A >% ©.2)

Goal: construct a uniformly valid and short Cl for 6

liminf inf inf POeCh>1—u
. PEPOE[AminiAumax)

10



A Simple Example

Consider the simplest possible case where
0 e [min {)\1, /\2} , max {/\1, )\2}]

with

11
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Construct the Cl by inverting tests of the hypothesis

Ho : min{A1, A2} <60 < max{A1, Az}
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A Simple Example

Construct the Cl by inverting tests of the hypothesis

Ho : min{A; —6,A2 —0} <0 < max{A; —0,A, — 0}

-0

Ry

%1.964 Hy
ZE

Test statis R R R R
7(6) = max{min{}, — 0,22 — 0}, min{0 — 11,0 — A2} }
The Clis [A min 0, max 9}
T(0)<c(0)  T(6)<c(6)

Current practice: ¢s™ = ®~1(1— %), 1.96 for & = 0.05
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To improve upon ¢*'™, | propose a modified conditional cv

More fav.

Valid

Short

1. Define less and more favorable DGPs

2. Construct a conditional cv

3. Modify the conditional cv

Less fav.

Valid
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A Simple Example - Step 1 More & Less fav. DGPs

Infeasible Critical Value o = 0.05

0 More Fav. 2 4 LessFav. 6
Ay - Al

If Ay = Ao, the infeasible Cl is [min{xl,xz} — 1, max{Ay, A} + 1]

® we can use [Xl —1.96, Xl + 1.96] or [7\2 —1.96, 7\2 + 1.96}
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A Simple Example - Step 1 More & Less fav. DGPs

Infeasible Critical Value o = 0.05

0 More Fav. 2 4 LessFav. 6
Ay - Al

If Ay = Ao, the infeasible Cl is [min{xl,xz} — 1, max{Ay, A} + 1]

If A1 < Ay, the infeasible Cl is [min{xl,ﬁu} —1.64, max{A1, A2} + 1.64]

14



A Simple Example - Step 2 Conditional CV

Probability of § = s

0.8r
0.6
0.4r

0.2r

0 . . . . )
0 More Fav. 2 4 LessFav. 6
A, - A,

where s = argmin Ap, S = argmin Ay
b=1,2 b=1,2
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0 . . . . )
0 More Fav. 2 4 LessFav. 6
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A Simple Example - Step 2 Conditional CV

Construct conditional cv based on the distribution of ?(6)‘ 5=s
Recall R R R R ~
7(0) = max{min {e— A0 — Az} , min {/\1 — 0,2, —9}}

Specifically, | consider

7(0) ‘?(9) —0-A1S=s
7(0) ‘?(9) —0-ApS=s
7(0) ‘?(9) A1 —035=s
?(9)\?(9):7\2—9 s=s
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A Simple Example - Step 2 Conditional CV

I illustrate with

7(0)|T(6) =1 —0.5=5
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I illustrate with

7(0) ‘?(9) —A1—035=s

FOSD
=

TN (o, [9 P P 9]

con

Let a°°" € (5, a) be the conditional rejection rate, recommend a°" =
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A Simple Example - Step 2 Conditional CV

| illustrate with
= ~ ~ FOSD R
0)|T(6) = A1 —0.5=s = TN (0 [p-A2 20— 6]

Let a°°" € (5, a) be the conditional rejection rate, recommend a°" =

Define ¢°°" as the 1 — a®°" quantile of TNV (O, [6 —An, Ao — GD
v" Valid size under less favorable DGPs:

)

P<?(9) >~C°n) < P( () >a’-°"|§:s)P(§:s)+P(§7és) <a

v Smaller than ¢sim

o (a7 4 (1 2@ (1 —0) )
¢ ( C0n+(1_2aCOn))
O o

( con) < ® ( 5) _ Csim

IN
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A Simple Example - Step 2 Conditional CV

The rejection region of ¢<°" for Ho : min {A1, A2} < 60 < max{A1, Az}
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| introduce a novel modification

ceon(9) ifceon(9) > ct
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c"(6.<) {ct if €°"(0) < ¢

To determine the value of ct, fix ¢t = ¢
P(6 ¢ CIi ) < max {P (01, Omia] £ CIiA) P (Bmia, 0] £ CIiA)}
<max{P (T(8;) > c™(0s,¢)or T(Omiq) > c™ (Omid. €); 1)
P (T(Gu) > Cm(eu, C) or T(Gmid) > cm(Gm;d, C);)L)}

=:p(c, A)

® 5(c,\) is easier to calculate
p(c, L) is not overly conservative
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A Simple Example - Step 3 Modification

| introduce a novel modification
-~con £ ~con t
m & Jcen(B) ifcen(B) > c
(6. = {ct ifeeen(9) < ct
To determine the value of ct, fix ¢t = ¢
P(6 & Cl;A) <max{P ([0, Omia] £ CI;A), P ([Omid. Ou] £ CIiA)}
<max {P (T(6y) > c™(0y,¢) or T(Omid) > c™(Omid. €); A)
P (T(Gu) > Cm(eu, C) or T(Gmid) > cm(Gm;d, C);)L)}
=:p(c, A)

Thus it suffices to have

ct= inf{c >0:supp(c,A) < tx}
AEA

This lower truncation guarantees uniform coverage
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A Simple Example - Step 3 Modification

The rejection region of é™ for Hy : min {A1, A2} <6 < max{A1, A2}

Larger power: the new Cl has a larger rejection region

Valid: the lower truncation removes counter-intuitive rejection region

20



A Simple Example - Summary

The main idea of the modified conditional Cl
1. Define less and more favorable DGPs

2. Construct a conditional cv

® valid under less favorable DGPs

3. Modify the conditional cv

® valid under more favorable DGPs
More fav. Less fav

Valid Valid

Short
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General Cases - Test Statistic
Construct Cl by inverting

Ho :minAyp <0 < maxA
0 beB tb = ~ beB u,b
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~ ’ ~ N Y
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General Cases - Test Statistic
Construct Cl by inverting

Ho:minAyp <0 < maxA
0 beB tb =" = beB u,b
There are normal estimators Ay, A,

Ao—Ag
B Y N
(5n ) ~we

The test statistic

~ Aop—0 - A
T(0) = max {min Lh =7 min 0 ”‘b}
beB Oy p beB  Oyp

~

where 0y, = y/var(Agp), 0y = y/var(Ayp)
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General Cases - A Simple Critical Value

c5'™ is valid but can be very conservative

P (9 ¢ C/S‘m) =P (9 ¢ {gqeigifyb — 0@ (1 - %), Teal)%(;\”’b + o, p® (1 - %)D

<P (9 ¢ [}\é,b( — 0y ® (1 - :

E)v }\u,bu + (Tu,bucb_l(l - ﬁ)])

2

where

by = argminAy,,, by = argmaxA,
beB beB

e < is conservative if Ay p, A minp_cp Aypor Ay p, R mingLp Ayp
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P (9 ¢ C/S‘m) =P (9 ¢ {gqeigifyb — 0@ (1 - %), Teal)%(;\”’b + o, p® (1 - %)D

= <9 ¢ [}\e'b‘ - Ué'bfq)_l(l - %)v }\u,bu + gu,buq)_l(l - %)])
- (9 <A =0 @1 %)> +P (9 > A, + 0up,® (1 — %)>

is conservative if Ay p, & ming_sp, Ay p Of Ay p, & mingsp Ayp
follows from P(AU B) < P(A) 4+ P(B)

VARVAN
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General Cases - A Simple Critical Value

c5'™ is valid but can be very conservative

P (9 ¢ C/S‘m) =P (9 ¢ {22?;}%'3 — 0@ (1 - %), Teal)%(;\”’b + o, p® (1 - 5)])

2
R - X ) R
=P (9 7 [M-bf —0p @ (1 - 5)r Aub, +0up,® la1- 5)])
. B o ) - )
P (0<Arp —00p® 1= 3)) + P (0> Aup, +0up® (1 3))
Avb, = Aub . "
=p | == == o 1_X
( 9t.b i > e (1-3)
Aub, — A
+P< u,b, u,bu+ ><I)1(]__IX)>
Ou,b 2

is conservative if Ay p, & ming_sp, Ay p Of Ay p, & mingsp Ayp
follows from P(AU B) < P(A) 4+ P(B)

VARVAN
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General Cases - A Simple Critical Value

c5'™ is valid but can be very conservative

P (9 ¢ C/S‘m) =P (9 ¢ {gqeigifyb — 0@ (1 - %), Teal)%(;\”’b + o, p® (1 - 5)])

2
N -1 19 a -1 19
<P (9 ¢ [M,,b[ — 005, P (1 - 5)' Aub, +0up, P (1 - 5)])
A 1 « A 1 «
P (0<Arp —00p® 1= 3)) + P (0> Aup, +0up® (1 3))
Agb, = Aib -1 «
_p | Lbb b o112
( U[,,b t = ( 2)
Aub —A
e )
Uu,b 2
14 14
<Z g
=3 + 5 o

e < is conservative if Ay p, A ming_cp AypOF Ay p, R mingp Ayp

e < follows from P(AU B) < P(A) + P(B)

e < is conservative if A, p, — /\g,b[ >0,
see Imbens and Manski(2004), Stoye(2009)
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General Cases - A Simple Critical Value
¢SiM is valid but can be very conservative
P (9 ¢ C/S‘m) —P(0¢ |minAyp—0rp®@ 11— %), maxA,p+ oy p®L(1— %)
beB ’ 27" peB & 2
a _ o A _ o
<P (9 ¢ [M,,b[ — 0@ (1 5)r Aub, +0up,® Y- 5)])

A B « A _ «
P(0<Aup —0p @ (1=3)) +P (0> Aup, +0u5® (1= 3))

A, — A Aop, —0
P Lhe | 2L T T S ot 8
Wb T.b 2

INA

Aub, — A 0—A
+p u,b, u,by, + u,by, > q)*l(]_ _ 6)
Ou.b Ou.b 2

<-+_-=u

NI R
N R

® < is NOT conservative if Ay, < mingp, Agp and Ay p, > ming2p, Ay p

e < follows from P(AU B) < P(A) + P(B)

® < is NOT conservative if A, p, = Ay p,
see Imbens and Manski(2004), Stoye(2009)
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General Cases - A Simple Critical Value

c5'™ is valid but can be very conservative

sim) __ P e -1 _ 5 kY -1 _ ﬁ
P (9 ¢l ) —p (9 ¢ {TE'EM"’ 0s® (1= 3), maxAy +0,p® (1 2)])
N —1 19 N -1 19
<P (9 ¢ [M,,b[ — 005, P (1 - 5)' Aub, +0up, P (1 - 5)])
P (9 <App — 05 ® (1 - %)) P (9 > Ay, + 0y 5 ® 11— 5))

App, —A Aop — 0
P( CLANR ><1>—1(1“)>

INA

O1.b 0,6 2
+P <)‘”"’“ ~Aub, 4Otk g1y “))
Ou,b Ou,b 2
S% + g =u
® ¢SiM s nearly optimal among constant critical values

® |t is crucial to use a data-dependent critical value
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General Cases - More/ Less fav. DGPs

~

T(0) = inZyp, inZ
(0) max{g‘e'g, tb u,b}

App—0 z _ Aup—t

WhereZg'b: T ub = Tub

A DGP is less favorable if g <f(9), 1— pc) is large
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T(0) = inZyp, inZ
(0) max{g‘e'g, tb u,b}

Aup—0

Agp—f _
Z Ou,b

where ZK,b = Tip ub =

A DGP is less favorable if g <f(9), 1— pc) is large
The less favorable DGPs

App—A
min u»& min ] = >0,

—Aub Aub, = Aob,

beB\by O¢b beB\b, Oub min {U'é,b[vau,bu}

~0

(LF)
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General Cases - More/ Less fav. DGPs

~

T(0) = inZyp, inZ
(0) max{g‘e'g, tb u,b}

Aup—0

Agp—f _
Z Ou,b

where Zyp = ==, Zupb =

A DGP is less favorable if g <f(9), 1— pc) is large
The less favorable DGPs

App—A A —A A —Avp,
min 0,b £,by >0, min u,b, u,b >0, _ u,b, 4,by
bEB\b@ Ul,b bEB\bu Uu,b min {Ué,b[’ U'beu }
Under (LF)

P{T(0) =205} U{T(0) = Zun}) ~1

| construct é<°" based on

T(0)|T(0)=Z,p, and T(0)|T(0) = Z,,

~0

(LF)
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General Cases - Conditional CV
Loosely speaking, CEEEID

N N FOSD
70) [T0) = Zowy, =< TN (0, [t.1(0, 5), 156, b)])
7(0)|7(6) = Zup, = TN (0, [t1(6,5), tu2(6.b)])

where
t;,1(6, b) = min (1+ py, (b, b)) " (Zu,f, + peu(b, E)Ze,b>
beB
. ~ oy —1 N
ty,1(6, b) = min (1 — py(b, b)) (Ze,g —pe(b, b)Zé,b>
beB
. ~y—1 ~
ty»(0,b) = 1-— b, b Z, 5 — b, b)Z,
02(0, b) s p¢(b, b)) ( o5 — Pe(b, b) é,b)
. s -1 -
ty2(6, b) = 1—0u(b, b Z - —ou(b,b)Z,
2(6,b) EeB:pT(IE,bKl( pu(b.b)) " (2,5~ pulb D) Z4)
2, byba 00, by b
'71, u b 'b — ,01 02
Peu(b1, b2) Tt

20 byb
b ,bz = #' b ’b2 —
oe(br. b2) 00,6,9¢,b, pulbr, b2) Ou,by Ou,by
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General Cases - Conditional CV

Define &°"(6) as 1 — a© quantile of TN (0, [t,1(6, by), t;2(6, bu)])

o) {cbl(a%(tm(e, b)) + (1 — )@ (t2(6,B)) ) if T(0) = 2,5

o1 (acq>(tu,1(9, bu)) + (1 — &%) (t,2(6, Bu))) if 7(0) = 2,5

LN ANS (%a,w) is a user chosen tuning parameter, suggested value %w
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General Cases - Conditional CV

Define &°"(6) as 1 — a© quantile of TN (0, [t,1(6, by), t;2(6, bu)])

¢é

. ® 1 (a5® (1,10, by)) + (1 - a)D(t02(0.By) ) i T(0) = 2,5,
o1 (acq>(tu,1(9, bu)) + (1 — &%) (t,2(6, Bu))) if 7(0) = 2,5
LN ANS (%a,w) is a user chosen tuning parameter, suggested value %w

Proposition
Assume that P (2, = Z,,) = 0. It holds that

P(T(6) > e"(0)| E,UE) <af
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General Cases - Conditional CV

Define &°"(6) as 1 — a quantile of TN (0, [t;1(6, by), ty2(6, bu)])
o) {d)l (45 (t01(0. B) + (1 — )@ (t2(6.B)) ) if T(0) = Z, 5,

o1 (acq>(tu,1(e, bu)) + (1 — &%) (t,2(6, Bu))) if 7(0) = 2,5
LN ANS (%a,zx) is a user chosen tuning parameter, suggested value %a

Proposition
Assume that P (Z;p,, = Z,p,) = 0. It holds that

P(T(6) > e"(0)| E,UE) <af

&°"(0) is valid under less favorable DGPs

P(T(6) >¢°"(0)) < P(T(0) >e°"(0)|E,UE,) P(E,UE)+P(E/UE,) <a

<qcon ~1 ~0
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General Cases - Conditional CV

Acon

E°N(9) can be significantly smaller than ¢

sim

under more favorable DGPs
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General Cases - Conditional CV

E°N(9) can be significantly smaller than ¢

Let 6 = Ay p,

sim

under more favorable DGPs

&cn(g) = q>*1<acq>(tl) +(1- ac)q)(f2)>
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General Cases - Conditional CV

&%°"(0) can be significantly smaller than ¢$™ under more favorable DGPs

Let 0 = Ay p,
en(9) = @7 (4@ (11) + (1 - a) (1) )
If the identified set is large

. ~ —1 A
tr = min (1+ oy (br, b)) <Zu,b + peu(by, b)Zg,[,A,)

Ajp —A o
~ -1 0,b, u,by ~ 4,b,
< (1 +peu(by bu)) <ifL,t, + (Wu(bév b,) — - bé ) Zz,&) N -0
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General Cases - Conditional CV

6C0n

() can be significantly smaller than ¢S™ under more favorable DGPs
Let 6 = Ay,
econ(g) = ot <a°<1>(t1) +(1- aC)q>(t2))

If the identified set is large

. ~ —1 A
tr = min (1+ oy (br, b)) <Zu,b + peu(by, b)Zg,[,A,)

Ajp —A o
~ -1 0,b, u,by ~ 4,b,
< (1 +peu(by bu)) <ifL,t, + (Wu(bév b,) — - bé ) Zz,&) N -0

Therefore,

en(0) ~ @710+ (1—a)D(t0)) @M (1) <@ (1-7)
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General Cases - Conditional CV

&%°"(0) can be significantly smaller than ¢$™ under more favorable DGPs

Let 0 = Ay,
econ(g) = q>*1<acq>(t1) +(1- ac)q)(tz)>

If the identified set is large

Moreover, if Ay is not well separated

Aib—Aup L Aok — Mop,
Ot.b 0tb

. ~ -1
t2 = min (1 — p¢(by, b)) ( - Ze,f»,) +Z0p <

which further reduces &<°"(0)
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General Cases - Modification

The modified conditional critical value

<™, ct) = {Econ(e) if c°n(9) > ¢t

ct if c°n(9) < c*

The lower truncation ct is

ct—inf{c>0: sup p(c,A) <« }
¢ AEA

where 0, = minycp A by Oy = maxpep Ay b, Om = (6, +64)/2
plcA) = max{P (?(9[) > ™6y, ¢) or T(0m) > c™ (O, C); (/\,Z)) ,

P (?(9,,,) > ™ (B, ¢) or T(8,) > c™ (8, ¢); (/\,Z))}
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General Cases - Modification

The modified conditional critical value

<™, ct) = {Econ(e) if c°n(9) > ¢t

ct if c°n(9) < c*

The lower truncation ct is

ct=infdc>0: sup p(c,A) <a—y
¢ AEA,

where 0, = minycp A by Oy = maxpep Ay b, Om = (6, +64)/2
plcA) = max{P (?(9[) > ™6y, ¢) or T(0m) > c™ (O, C); (/\,Z)) ,
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Size & Power: Assumptions

Assumption (Known Singularity (KS))

-~

There are known |B| x J matrices Ay, Ay, such that for some (ép, p)
Ap = Adp, Ay = Audp, Ag = Apdn, Ay = Audn
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Size & Power: Assumptions

Assumption (Known Singularity (KS))

-~

There are known |B| x J matrices Ay, Ay, such that for some (ép, p)
Ap = Adp, Ay = Audp, Ag = Apdn, Ay = Audn

Assumption (Asymptotic Normality (AN))
Let {p ~ N(0,Qp). Assume
o [f (ﬁ (Xn - 5,;))] —E[f(&p)]| =0

lim sup sup
n=00 pep fepl,

Assumption (Full Rank (FR))
Forall P P,0<e<eig(Qp) <é< o
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Size & Power: Assumptions

Assumption (Known Singularity (KS))

-~

There are known |B| x J matrices Ay, Ay, such that for some (ép, p)
Ao = Apbp, Ay = Aubp, Ap = Agdn, Ay = Aubn

Assumption (Asymptotic Normality (AN))
Let {p ~ N(0,Qp). Assume
Ep [ (VA (8. —0p))] — Elf(@p)]| =0

lim sup sup
= peP feBL,

Assumption (Full Rank (FR))
Forall P P,0<e<eig(Qp) <é< o

Assumption (Consistent Covariance Estimator (CE))

For all € > 0, limp 0 Suppep P (Hﬁ,, - QPH >¢) =0
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Size & Power: Asymptotic Size Properties

Theorem (Uniform Coverage)

Suppose Assumptions KS, AN, FR, CE hold, for any a € (0,0.5),

liminf inf inf POecCl™ >1—u
N300 PEP O [Ag b, Auby |

The modified conditional Cl has proper asymptotic coverage
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Size & Power: Comparison with Simple Cl

Theorem (Symmetric Or Large Bounds)
Suppose Assumptions KS, AN, FR, CE hold, « € (0, %)

(Symmetric Bounds) If corr(Ay ., Ay p,) < 05 (&, ac), corr(Ag b, App,) < 03(at)

Ap = Ay
Then

@ My Cl is Strictly Shorter:

There is o' > a such that

lim inf P (CI™ (An, £0/ i) © CI™ (An, £/ i) ) = 1

© My Cl has Higher Power:
There is k € (0, 400) such that
liminf P (6, ¢ CI™ (A, £/ma)) — P (60 ¢ CI*™ (A, £/n;0)) >0

for some 0, = 6, — =

NG

31




Size & Power: Comparison with Simple Cl

Theorem (Symmetric Or Large Bounds)

Suppose Assumptions KS, AN, FR, CE hold, « € (0, %)
(Large Bounds)

maxA,p—minAyp >¢e>0
beB ub beB 6 =

Then
@ My Cl is Strictly Shorter:
There is &' > & such that
lim inf P (CI™ (An, £0/ i) © CI™ (An, £/ i) ) = 1
© My Cl has Higher Power:
There is k € (0, 400) such that
liminf P (6, ¢ CI™ (A, £/ma)) — P (60 ¢ CI*™ (A, £/n;0)) >0

for some 0, = 6, — ﬁ
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Size & Power: Comparison with Adj Boot Cl

Let C/AdiBoot he the adjusted bootstrap procedure proposed in YKHS23

® use a subsample with size m = .-, k, — o0 and k, = o(n)
n

® use the full sample to estimate the nuisance para., e.g. v/m(Agp —minAy)

Theorem (Larger Local Power)
Let a > 0, k), = o(\/Kn), k), = co. Then

liminf inf {P(G,, ¢ clmy—p (en ¢ C/AC’J'B°°’-‘)} >1-a

n—e pcpP,

for local alternatives

/ /

K K

D a0rf,=maxA,p+ —2La
beB '

Vn Vn

0p =minAyp —
n beB G
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Outline

© Simulation
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Setting

Relaxation of the parallel trend assumptions, where
0 =ATT € |minAyy, A
L’I‘e'?s b B85 ub
where B={—(T —-1),..., T},

Ap= Ay = ’)/+Aﬁ !fﬁ:—(T—l
’)/—A_w_l) Ifﬁ: 1,..., T

), 0
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Setting

| conduct inference based on (3 Q) where (3,?) is simulated from

(5)~>((5)e)

| use four Q) calibrated from
© Benzarti and Carloni (2019): consumption tax cuts
© Dustmann, Lindner, Schonberg, Umkehrer, Vom Berge (2022): minimum wage
© Lovenheim and Willén (2019): teacher collective bargaining
@ Christensen, Keiser, Lade (2023): environmental crises
| normalized v = 0 and use three A
© Parallel trends assumption holds, i.e. A =0t
© Small pre-trends: A is calibrated
© One large pre-trend: A = (10wp,07_1)
In sum, | use 4 x 3 = 12 empirically motivated DGPs @EEZID
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Alternative Methods

| compare my Cl with
@ Simple Cl in, e.g., Kolesar and Rothe (2018, AER)
@ Hybrid Cl in Rambachan and Roth (2023, RES)
@ Adjusted bootstrap in Ye, Keele, Hasegawa and Small (2023, JASA)
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CDF of Upper Bounds of Cls

DGP: Q) from Lovenheim and Willén (2019)
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CDF of Upper Bounds of Cls

DGP: Q) from Lovenheim and Willén (2019)
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CDF of Upper Bounds of Cls

DGP: Q) from Lovenheim and Willén (2019)

Parallel Trends

One Large Pretrend

0.9

0.8
0.7
0.6
0.5
0.4
0.3
*  Identified Set 02

s POINLESEL g 4/ v
—My / ;

o
0 1 2 3 4 1 2 3 4 9 10 1 12

Modified conditional Cl has proper coverage
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CDF of Upper Bounds of Cls

DGP: Q) from Lovenheim and Willén (2019)

Parallel Trends Small Pretrends One Large Pretrend

Simple

Modified conditional Cl outperforms simple Cl in all DGPs

® Reduces median simple Cl (net of point est.) by 31% under small violation
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CDF of Upper Bounds of Cls

DGP: Q) from Lovenheim and Willén (2019)

Parallel Trends Small Pretrends One Large Pretrend

Simple

Modified conditional Cl outperforms simple Cl in all DGPs

® Reduces median simple Cl (net of point est.) by 31% under small violation
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CDF of Upper Bounds of Cls
One L‘argeﬁretrend

Small Pretrends

DGP: Q) from Lovenheim and Willén (2019)
Parallel Trends

0.9
0.8
0.7

0.6

05
0.4 !
)
b
; ’
% Identified Set /
............... PointEst. o, ! f
— My ! !
Simple 0.1% § g vl !
; ?
L # ! o
0 ‘ )
1 3 4 9 ° " "

===~ Hybrid

0

Modified conditional Cl outperforms Hybrid Cl under no or small violations
® Reduces median Hybrid Cl (net of point est.) by 43% under small violation

® Hybrid Cl is efficient with large violation, but my Cl is close
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CDF of Upper Bounds of Cls

DGP: Q) from Lovenheim and Willén (2019)

Parallel Trends One Large Pretrend

0.9

0.8

0.7

0.6

0.5

0.4

Identified Set 3
- Point Est.

- - -~ Hybrid
seeeeeeeee Adj Boot

Modified conditional Cl outperforms Adj Boot Cl for relatively large alternatives

® Reduces median Adj Boot Cl (net of point est.) by 27% under large violation

® Power plot of Adj Boot will be flatter with larger n
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CDF of Upper Bounds of Cls

DGP: Q) from Benzarti and Carloni (2019)

Parallel Trends Small Pretrends One Large Pretrend

Identified Set ¢
- Point Est.

- - -~ Hybrid
seeeeeeeee Adj Boot

0
0 002 004 006 008 0.1 0.05 0.1 0.15 0203 0.35 04

Modified conditional Cl outperforms Adj Boot Cl for relatively large alternatives
® Reduces median Adj Boot Cl (net of point est.) by 38% under small violation

® Power plot of Adj Boot Cl will be flatter with larger n
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Outline

© Empirical lllustration
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Empirical lllustration

RR23 in Dustmann, Lindner, Schénberg, Umkehrer, Vom Berge (2022, QJE)
What are the effects of the minimum wage?

® Addresses wage inequality

® Potential disemployment
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Empirical lllustration

RR23 in Dustmann, Lindner, Schénberg, Umkehrer, Vom Berge (2022, QJE)
What are the effects of the minimum wage?

® Addresses wage inequality < Significant Wage Effect

® Potential disemployment < Insignificant Employment Effect
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Empirical lllustration
RR23 in Dustmann, Lindner, Schénberg, Umkehrer, Vom Berge (2022, QJE)
What are the effects of the minimum wage?

® |s employment effect > —0.6 (wage effect) w/o parallel trends? @EED
The authors relax parallel trends as in RR23 @D
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Empirical lllustration
RR23 in Dustmann, Lindner, Schénberg, Umkehrer, Vom Berge (2022, QJE)
What are the effects of the minimum wage?

® |s employment effect > —0.6 (wage effect) w/o parallel trends? @EED
The authors relax parallel trends as in RR23 @D

— Simple

08 [ F—Hybrid
04r
ol
04t
-0.8 -

. . . . . . . .
0 0.2 0.4 0.6 0.8 1 1.2 1.4

e The breakdown M: MMy =1 pHybrid — o 75 psim — 0.6
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Outline

@ Conclusion
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Conclusion

This paper studies inference on union bounds
0 € |minAyp, maxA
beB 4o beB b

| propose a Cl based on modified conditional inference which
® Theory & Simulation: has shorter Cl & larger local power under a large set of DGPs

® Empirical illustration: gives statistically significant results while the
pre-existing alternatives do not
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Conclusion

This paper studies inference on union bounds
0 € |minAyp, maxA
beB 4o beB b

| propose a Cl based on modified conditional inference which
® Theory & Simulation: has shorter Cl & larger local power under a large set of DGPs

® Empirical illustration: gives statistically significant results while the
pre-existing alternatives do not

Future Extension
® QOptimal choice of &€
® Application to other non-standard inference problems

® Misspecification robust inference
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Finite B: Empirical Illustration

To study the employment and wage effect, run

2016
log(emp,;) = Y YEGAP, 1T = t] +as + &5 + &%
7=2011,7#2014
2016
log(wage,;) = Z YWGAP L[t =t] +a) + &Y+

7=2011,7#2014

® log(emp,;) is the log employment in district r time t; log(wage,;) is log wage
® GAP, is a measure of the exposure to the minimum wage
® Pre-policy year 2011-2014

We are interested in the employment and wage effect at t = 2015 @D
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Finite B: Empirical Illustration

RR23 in Dustmann, Lindner, Schénberg, Umkehrer, Vom Berge (2022, QJE)
What are the effects of the minimum wage?

® |s employment effect > —0.6 (wage effect) without parallel trends?

e
05} e

0

Employment Regression Coefficients

2011 2012 2013 2014 2015 2016
Year
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Finite B: Empirical Illustration

RR23 in Dustmann, Lindner, Schénberg, Umkehrer, Vom Berge (2022, QJE)
What are the effects of the minimum wage?

® |s employment effect > —0.6 (wage effect) without parallel trends?

Employment Regression Coefficients

2
15F T~
RN Asors
1 “—ul S
RN o } Asors
050 ,~+ ) S
Teal } Asous
0 T

2011 2012 2013 2014 2015 2016
Year
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Finite B: Empirical Illustration

RR23 in Dustmann, Lindner, Schénberg, Umkehrer, Vom Berge (2022, QJE)
What are the effects of the minimum wage?

® |s employment effect > —0.6 (wage effect) without parallel trends?

Employment Regression Coefficients

2
15F T~
RN Asors
1 “—ul S
AR } Asors

05

2011 2012 2013 2014 2015 2016
Year

Relax the parallel trends assumption: |A —A <Mx  max
p p |A2015 — Aop14] < .

[Ar — Apq]
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Simulation - Setting

| set n = 5000
Each sample {W;}! ; and estimator is generated by

Wh i A
(wer )~ ((5) )
The estimator is calculated by
2)=(izw )~ ((3) =)
~ )= 7 T~ N ,Q
( 7 ) ( FE W, 0%
| conduct inference using pair (E'? Q)
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Bunching and Taxable Income Elasticity

Blomquist, Newey, Kumar and Liang (2021, JPE) @I @D
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Bunching and Taxable Income Elasticity

Blomquist, Newey, Kumar and Liang (2021, JPE) @I @D

Consumption

;
K
Income

The consumption has two linear segments with slopes p; > p2 and a kink at K

45



Bunching and Taxable Income Elasticity

Blomquist, Newey, Kumar and Liang (2021, JPE) @I @D

Consumption

;
K
Income

. ) . . 1+1/6
Assume isoelastic utility function U(c,y,n) = c — %1/9 (%)

® ;7 > 0: unobservable heterogeneity
® > 0: income elasticity
® ¢(1): be the density of 1
No restriction on ¢(17) = 6 is not identified
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Bunching and Taxable Income Elasticity

Blomquist, Newey, Kumar and Liang (2021, JPE) @I @D

Consumption

y1 y2
Income

Assume there are 0p > 1 > 07 > 0 such that

armin{¢ (1), ¢ (12)} < ¢(n) < oamax{$ (1) .¢ (72)}
forn € [1,72]
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Bunching and Taxable Income Elasticity

Blomquist, Newey, Kumar and Liang (2021, JPE) @I @D

Consumption

y1 y2
Income

The identified set is 6 € [minbzl,z )L/'b, maxg—1,2 )\u,b] where

yi P(y:lSYSyz)) _ (Lz _ P(y1SY§yz))
log (Y2 - f=(y1)o2y2 log " = (y2)o2y1

Alg = s A2 =
M logp1 — log p2 b logp1 — log p2
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Regression Discontinuity Design

Kolesar and Rothe (2018, AER) @) @I CXEEEED
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Regression Discontinuity Design

Kolesar and Rothe (2018, AER) @) @I CXEEEED

Outcome

Score

Treatment D = 1{X > k} with running variable X
Let #(X) = E[Y | X]. The ATE at the threshold is

0= E[Y(1) = Y(0) | X =0] = limpu(x) ~ lim (x)
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Regression Discontinuity Design

Kolesar and Rothe (2018, AER) @) @I CXEEEED

Outcome

Score

Estimate 6: local OLS of Y on m(X) with X € [k — h, k + h] where

m(x) = (1{x >k}, 1{x > k}(x—k),...,1{x > k}(x — k)P,
Lx—k,...,(x—k)P)
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Regression Discontinuity Design

Kolesar and Rothe (2018, AER) @) @I CXEEEED

* * *

Outcome
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Regression Discontinuity Design

Kolesar and Rothe (2018, AER) @) @I CXEEEED

Outcome




Regression Discontinuity Design

Kolesar and Rothe (2018, AER) @) @I CXEEEED

¥
12t
forr ¥ o
10 *
2o
o
e
3 sf
o o
e
S
0” L L L
0 1 2 3 4 5 6 7 8 9 10
Score

Assumption: bounds on specification errors at the threshold

lim A < A(X)], [limA < A(X
[lim ()| < max (). | lm ()| < max |A(<)
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Size & Power: Comparison with Simple Cl

Theorem (Symmetric Or Large Bounds)

Suppose Assumptions KS, AN, FR, CE hold, x € (0, %)
(Symmetric Bounds) If corr(Ayp,,, Agp,) < o5 (&, ac), corr(App,, App,) < 05()

o~

Ar=Ay
@ My Cl is Strictly Shorter:
There is &' > a such that
P . m (3 ¥ . C sim (3 ! _
limin inf P (cm (AnEa/ma) € CIF™ (R, £a/ma)) =1

© My CI has Higher Power:
For all P, € Py, there is a subsequence P, and x € (0, +o0) such that

liminf Pr, (6, & CI™ (A, £/Tnia)) = Pr, (0, & CI¥™ (L, £/tmia) ) >0

K

for some 0, = 0y — T
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Size & Power: Comparison with Simple Cl

Theorem (Symmetric Or Large Bounds)
Suppose Assumptions KS, AN, FR, CE hold, « € (0, %)
(Large Bounds) Let k, = o(\/n) and k, — o0, and

Kn
Pn = {P & P:)\u,bu _Aé,bp > W}

@ My Cl is Strictly Shorter:
There is &' > a such that
liminf inf P (C/m (An En/nia) C CI°™ ()ln.in/n;a’)) =1
n  PcP,

© My CI has Higher Power:
For all P, € Py, there is a subsequence P, and x € (0, +o0) such that

liminf Pr, (6, & CI™ (A, £/Tnia)) = Pr, (0, & CI¥™ (L, £/tmia) ) >0

K

for some 0, = 0y — T
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Intersection & Union

Intersection bounds
Hp : maxApp, <6
0 beB tb =

An intuitive test statistic

. App—
T(0) = max 7\5( tb—9)
beB O¢b
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Intersection & Union

Intersection bounds
Hp : maxApp, <6
0 beB tb =

An intuitive test statistic

7(6) = max Vi(App —6) Va(Ap = Arp) . Vn(Agp —0)

beB 0¢.b beB 0¢.b 0 b

Key difficulty: \/n(Ag, —6) cannot be consistently estimated
Solution: \/n(A;, —6) < 0 = get an upper bound \/n(Agp, —6)/VInn
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Intersection & Union

Intersection bounds
Hp : maxApp, <6
0 beB tb =

An intuitive test statistic

7(6) = max Vi(App —6) Va(Ap = Arp) . Vn(Agp —0)

beB 0¢.b beB 0¢.b 0 b

Key difficulty: \/n(Ag, —6) cannot be consistently estimated
Solution: \/n(A;, —6) < 0 = get an upper bound \/n(Agp, —6)/VInn
Union bounds
Ho:minAyp <6
omindyp <
An intuitive test statistic

7(6) = min V(A =0) . Vn(Aes = Aus) | V(Aep —6)
beB O¢.b beB O¢.b O¢.b
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Intersection & Union

Intersection bounds
Hp : maxApp, <6
0 beB tb =

An intuitive test statistic

7(6) = max Vi(App —6) Va(Ap = Arp) . Vn(Agp —0)

beB 0¢.b beB 0¢.b 0 b

Key difficulty: \/n(Ag, —6) cannot be consistently estimated
Solution: \/n(A;, —6) < 0 = get an upper bound \/n(Agp, —6)/VInn

Union bounds
Hp: minA <6
0 bel?i tb =

An intuitive test statistic

7(6) = min V(A =0) . Vn(Aes = Aus) | V(Aep —6)
beB O¢.b beB O¢.b O¢.b

Key difficulty: v/n(Ayp, —6) cannot be consistently estimated & unknown sign
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Step 2: Conditional CV

Lemma
@ (T(0)) — P (t,1(0, b))

@ (ty2(0, b)) — D (tg,1(6, by))

y {T)

=Zp}

FOSD
=

Unif(0,1)

49



A Simple Example - Step 3 Conditional CV

| illustrate with @29
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| illustrate with @29

T(0)|T(0) =A1—0,
~Ap—0
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A Simple Example - Step 3 Conditional CV

| illustrate with CEZED
TO)|TO)=A1—-035=s
~AL—0|TO)=A;—0,8=5s
N;\1—9|9—}\2§}tl—9§22—9,§25
~AL =010 —A <A1 —0<A—06, and s
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A Simple Example - Step 3 Conditional CV

| illustrate with CEZED
TO)|TO)=A1—-035=s
~AL—0|TO)=A;—0,8=5s
~AL =00 —A <A —0< A -0 5=5
~AL =010 A <A1 —0<A—06, and s

2
~TN (A1 =0, [0 — Ay, Ay —0])
<TN(0,[0— A2, A —6])
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A Simple Example - Step 3 Conditional CV
Lemma
q)(Té?)b)[)_q_)g?;(j’(%)) (PO = 2} 2 Unif(0.1)

(
@ (7(0)) = P (tu,1(6, b)) o FOSD _
@ (ty2(0, by)) — <I>(1u'1(9, ba)) {T(6)=2Z2up} = Unif(0,1)

. =1 z o .
min (1 + py, (b, b)) (Zu,[, + peu(b, b)Zé,b) : 'fgﬁelgpzu(b, b) > -1
—0 otherwise

. - = - . .
min (1 + b, b Z,c+ b, b)Z . ifmin b,b) > —1
16,5y — | T (4 e (B.0) ™ (B4 paulBi6)Zus) . i ininpa, (B,5)
—0 otherwise
{+oo otherwise

beB

At At A

‘min_ (1—py(b, b))~ (Z“—)fp[(b,E)Zg'b) if?eilrglpg(b,E)<1

min (1= pu(B,b) " (2,5~ pu(b,b)Zup) i minou(b,B) <

1
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