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Abstract

A union bound is a union of multiple bounds. Union bounds occur in a
wide variety of empirical settings, such as difference-in-differences, regres-
sion discontinuity design, bunching, and misspecification analysis. In this
paper, I propose a confidence interval for these kinds of bounds based on
modified conditional inference. I show that it improves upon existing meth-
ods in a large set of data generating processes. The new procedure gives
statistically significant results while the pre-existing alternatives do not in
the empirical applications in Dustmann, Lindner, Schénberg, Umkehrer,
and Vom Berge (2022). I implement the proposed method in the compan-

ion R package UnionBounds for easy use in practice.

KEYWORDS: Bound analysis, partial identification, conditional in-

ference, moment inequalities, sensitivity analysis

*I thank Adam Rosen, Federico Bugni, and Matt Masten for their guidance on this project.
I am also grateful to Dante Amengual, Anna Bykhovskaya, Tim Bollerslev, Désiré Kédagni, Ar-
naud Maurel, Andrew Patton, Michael Pollmann, Muyang Ren, Enrique Sentana, Silvia Sarpi-
etro, Valentin Verdier, and participants of the Triangle Econometrics Conference, Université de
Montréal, NYU, Bonn, LSE, CEMFI, Emory, TAMU, UTexas, UVA, Michigan, WUStL, Peking
University, Cornell, Class of 2024 Conference, for their useful comments.



1 Introduction

This paper studies inference for a target object partially identified by the union
of a set of bounds, namely, a union bound, and provides new procedures that
significantly improve upon the existing alternatives. Union bounds commonly arise
in empirical work, for example, in the assessment of the importance of the parallel
trends assumption in difference-in-differences (DiD) analyses. Recent papers such
as Manski and Pepper (2018) and Rambachan and Roth (2023) (RR23) study the
relaxation of the classical parallel trends assumption within a DiD framework. One
of their approaches is to assume that the violation of parallel trends in a post-policy
period is bounded above by the maximum violation in the pre-policy periods. In
this case, the identified set for the average treatment effect on the treated can be
characterized as a union bound, where each bound is formed by the DiD estimand
adding and subtracting the violation of a pre-policy year, and the set is all pre-
policy periods. I also discuss applications to regression discontinuity designs,
bunching strategies to identify the elasticity of taxable income, and misspecified
models in Section 2.

In this paper, I provide a general framework for inference on union bounds.
The main difficulty for inference is that the endpoints of a union bound are non-
smooth functions of each single bound. Hirano and Porter (2012) show that there
is no local asymptotic quantile unbiased estimator. Moreover, Fang and Santos
(2019) show that an empirical bootstrap procedure, in the terminology of Horowitz
(2019), is not uniformly valid. Similar difficulties appear in inference for moment
inequalities and directionally differentiable functions, but the existing methods
do not apply to union bounds because of the different restrictions on the null
parameter space. So far there are two uniformly valid methods. The first one is
a simple confidence interval (CI), which is the union of CIs for each bound. This
method can be overly conservative, especially when the bounds are close to each
other. The second one is the adjusted bootstrap procedure proposed in Ye, Keele,
Hasegawa, and Small (2023) (YKHS23). This method involves a subsample so
the CI converges to the identified set at a rate slower than /n, resulting in trivial
power for y/n local alternatives. RR23 propose an inference procedure for their
sensitivity analysis in DiD. However, the procedure relies on the specific structure
of DiD and does not apply to general union bound settings.

In Section 3, I propose a modified conditional CI. Loosely speaking, I construct



a conditional critical value exploiting the distribution of the maximum estimated
upper bound (resp. the minimum estimated lower bound) conditional on the second
largest estimated upper bound (resp. the second smallest estimated lower bound).
In this way, the conditional critical value is data-adaptive and sensitive to the
binding bounds, which leads to a shorter CI when the bounds are relatively close
to each other. However, the conditional critical value is not uniformly valid,
and for that reason, I propose a novel modification that truncates the conditional
critical value from below to guarantee uniform coverage. The modified conditional
CI converges to the identified set at a rate of \/n, and thus has material power
improvement upon YKHS23. I also show that under a large set of data generating
processes (DGPs), the modified conditional CI is shorter than the simple CI with
probability approaching one. I provide the UnionBounds R package to implement
my method.*

In Section 4, I conduct simulations based on the DiD settings in RR23 and
compare the performance of my modified conditional CI to the simple CI, the
adjusted bootstrap in YKHS23 and the hybrid CI in RR23. The length of the
median modified conditional CI is the smallest in most simulation designs and is
close to being the smallest in all designs.? In terms of the length of the median CI,
net of median point estimates of the bound, the modified conditional CI results
in a decrease of up to 43% relative to alternative methods.

In Section 5, I illustrate the proposed inference procedures in an application
using RR23’s sensitivity analysis in Dustmann et al. (2022). Specifically, Dust-
mann et al. (2022) study the effects of the minimum wage introduced in Germany
in 2015. The authors are interested in whether the employment effect is greater
than the negative wage effect, which leads to an elasticity smaller than one. The
authors conduct the analysis using DiD and relax the parallel trends assumption
following RR23. Under all levels of relaxation, the modified conditional CI is
shorter than the simple CI and the one provided by RR23. Under the bench-
mark relaxation, my 95% CI suggests that the elasticity is smaller than one, while
the 95% RR23 CI and a simple 95% CI do not. My method gives a breakdown
relaxation 33% to 66% larger than the RR23 and the simple CI respectively.

!The latest version of the R package is available at https://github.com/xinyuebei-
econ/UnionBounds
2The median CI is the median of the endpoints of the 1 — o CI across simulated samples.
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https://github.com/xinyuebei-econ/UnionBounds

Related Literature

Although there are many empirical examples where the identified set is a union
bound, only a small number of inference approaches have been developed, which
I discuss next.

First, a common practice is a simple CI constructed based on the intersection
union principle discussed in Casella and Berger (2021) (ch. 8.2.3), see Conley,
Hansen, and Rossi (2012), Koleséar and Rothe (2018), Hasegawa, Webster, and
Small (2019), and Ban and Kedagni (2022), among others. The idea is to first
construct a CI for each bound and then take a union over the set, which is intuitive

3 However, taking union over the confidence

and has uniformly valid coverage.
intervals inflates the coverage rate, and the simple CI can be overly conservative.
I prove that the simple CI is wider and has lower local power than my proposal
under a large set of DGPs.

Second, YKHS23 study the relaxation of the parallel trends assumption in
DiD based on a negative correlation bracketing strategy. The resulting identified
set for the average treatment effect on the treated is a union bound. To address
inference, they introduce two bootstrap methods. The first one is an empirical
bootstrap procedure, in the terminology of Horowitz (2019). This method is not
uniformly valid and may overreject when the bounds are close to each other. The
second procedure introduces an adjustment term based on a subsample so that
it has uniform asymptotic coverage, but at the cost that the CI converges to the
identified set at a rate slower than y/n. This causes material power loss for a large
set of local alternatives relative to my CI.

Third, RR23 propose an inference procedure under the specific structure of
relaxation of the parallel trends assumption in DiD. The main idea is to partition
the parameter space so that each element in the partition can be represented by
a set of moment inequalities. RR23 first construct the CI for each element in the
partition based on Andrews, Roth, and Pakes (2023). They then take a union over

different elements in the partition to get a valid CI for the union bound. While

3The simple method relates to the statistical literature on testing whether the minimum
of several elements is no greater than zero, which can be framed as a one-sided union bound
problem. Cohen, Gatsonis, and Marden (1983) show that the one-sided version of the simple test
is uniformly most powerful among all monotone level « tests. Berger (1989) proposes a method
that strictly improves the power of the simple one, but inverting this test yields a disconnected
CI, whose convex hull coincides with that of the simple CI. Additionally, the rejection region is
difficult to interpret, see e.g. Perlman and Wu (1999).



the CI for each element is efficient, the efficiency may not hold after taking the
union. In both the simulation and the empirical application, my CI outperforms
their CI when the bounds are not well separated. Moreover, their method uses the
specific DiD structure and does not apply to general finite union bounds.

The procedure constructed in this paper also contributes to other related lit-
erature, such as intersection bounds, directional differentiable functions, and con-
ditional inference.

The union bound inference complements the large literature on intersection
bounds and moment inequality models. Chernozhukov, Lee, and Rosen (2013)
investigate inference on intersection bounds, where the target object is in the in-
tersection of a set of bounds. A leading case of intersection bounds is inference
on a parameter bounded by moment inequalities. See Chernozhukov, Hong, and
Tamer (2007), Romano and Shaikh (2008), Rosen (2008), Andrews and Guggen-
berger (2009), Andrews and Soares (2010), Andrews and Shi (2013), and Bugni,
Canay, and Shi (2015), among others, for different procedures. Inference for in-
tersection bounds and union bounds share some similar challenges, but also differ
in important ways: The differences between the target object and the bounds,
scaled by y/n, is an important element for inference, but can not be consistently
estimated. With intersection bounds, the signs of the differences are known, e.g.
the target object is larger than all lower bounds, while with union bounds, the sign
is unclear, e.g. the target object is larger than at least one lower bound. Thus the
problem of inference on union bounds is different from intersection bounds and
requires a different treatment.

My method also sheds light on inference on directionally differentiable func-
tions. A union bound can be written as the minimum of a set of lower bounds
to the maximum of a set of upper bounds. The min and max operators are di-
rectionally differentiable. Fang (2018) and Ponomarev (2022) study the efficient
estimation of partially differentiable functionals, but they do not consider infer-
ence. Fang and Santos (2019) propose a novel bootstrap procedure for directionally
differentiable functions. However, their inference procedure requires that the null
parameter space is convex, which does not hold for union bounds.* This paper
studies a specific non-convex null space, but the modified conditional procedure
is potentially applicable to more general settings.

My paper widens the use of the conditional inference technique. There is

4Specifically, the space of Ay and A, under (7) is not convex.



a growing literature on conditional inference, see, e.g. Moreira (2003), Kleiber-
gen (2005), Andrews and Mikusheva (2016), Andrews, Kitagawa, and McCloskey
(2024), Andrews, Kitagawa, and McCloskey (2021), Andrews et al. (2023), and
RR23, among others. I use their insights by constructing a conditional CI that has
proper coverage under a subset of DGPs, and then modifying it with a lower trun-
cation to guarantee uniform coverage. The modification is a novel contribution

that is not used in current applications of conditional inference.

2 Setup and Examples

2.1 Setup

The goal of this paper is to construct a uniformly valid confidence interval for the

target object 6, whose identified set is characterized as a union bound
0 € [inf \pp, sup Ayl - 1
|:b€3 &b 1)6115? ’b‘| ( )

In this paper, A\, and \, are consistently estimable with an asymptotically normal
estimator. B is a known finite set. Below I illustrate this setting in different

examples.

2.2 Examples

Example 1. (Difference in Differences). RR23 study a more credible ap-
proach to the parallel trends assumption in DiD. To illustrate, consider a panel
data model t = —T, ..., 1. Let v € RT*! be a vector of “event study” coefficients,

which can be decomposed as

B ,ypre B éﬁpre
7= ,Ypost - 0 4+ fpost :

The target object 6 is the average treatment effect on the treated, and ¢ is a bias
from a difference in trend. Here 6 and £P°%! are scalar, £P" = ( " ,,,,ff’f) and
Y0 = &' is normalized to zero. Under parallel trends, (£7"¢, £P°%') = 0 and thus 60
is point identified. However, this is a strong assumption that may not hold exactly.

One type of relaxation is to assume that the violation of parallel trends at time



t =1 is bounded above by the maximum pre-policy trend difference

WM—NSMgggﬂﬁﬁ—?% (2)
where M > 0 is the degree of relaxation specified by the researcher. Manski and
Pepper (2018) implement a similar concept with a natural benchmark M =1 (see
their Table 3). Under (2), the identified set of € is a union bound in (1) with
B=A1,..,2T},

fypost M (fylige_i_l — 77_";76) ifb= 1, ...727 (3)
ot _ 0 (,Yg_ebﬂ _ Vg“_eb) ifb=T+1,..2T

Aep = Aup =

Hasegawa et al. (2019), YKHS23, and Ban and Kedagni (2022) study different
types of relaxations of the parallel trends assumption where the identified set is

also characterized by union bounds. O]

Example 2. (Bunching and Taxable Income Elasticity). Blomquist, Newey,
Kumar, and Liang (2021) study the identification of the taxable income elasticity
with bunching information. Assume that the after-tax income has two linear
segments with slopes p; > ps and a kink at K, as illustrated in the left panel of
Figure 1. Assume that the preference is specified as in Saez (2010) by the isoelastic

utility function:

Ulc,y,&) =c (y/&)F ¢ > 0,0 >0,

C1+1/6
where y is the before-tax income with density f(y), ¢ =y — T'(y) is the after-tax
income, # is the income elasticity and £ represents the unobservable heterogeneity
which is continuously distributed with density ¢g(§). Blomquist et al. (2021) show
that without the restriction on g(&), 6 is not identified, but we can learn about
0 with smoothness restrictions on g(§). Consider a bunching interval [y, y2] con-
taining the kink K, as in Figure 1 right panel. Let & = pfeyl and & = p;eyz
denote lower and upper end points for ¢ that correspond to y; and ¥, respectively.

Under the assumption that

oemin{g (§1),9 (&)} < g(§) < oumax{g(§1),g (&)} for £ € (61,6 (4)
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Figure 1: Left: Budget Constraint and Utility. Right: Bunching Interval.
for some o, > 1 > g, > 0, the identified set of # is characterized by
0 in A A R
€ [ai s s OB,

where B = {1, 2},

log (y_1 + P(y1SY§y2)> —log (y_z N P(y1§YSyz)>

A, — Y2 F=(y1)ouy2 Ao — Y1 FH(y2)ouyt
0,1 — 9 0,2 —
log p1 — log py log p1 — log p»
1 | P1<Y<yo) _ y2 _ P1<Y<ys2)
log <y§ T T e > log <yf T o )
>\u 1= 5 )\u,2 =

)

log p1 — log po log p1 — log po

and f~(y1) = limypy, f(y), [T =limyy, f(y).” The identified set of 6 is restricted
by R, but if we have a valid CI for @ satisfying (1), the intersection of §’s CI and
R, is a valid CI for 8. Thus it suffices to consider inference for union bounds.

Blomquist et al. (2021) focus on identification and put aside inference. O

Example 3. (Regression Discontinuity Design). Kolesir and Rothe (2018)
study inference in regression discontinuity designs with a discrete running variable.
Let D = 1[X > 0] be a treatment indicator. Let Y (1) and Y (0) denote the
potential outcome with and without the treatment, and Y = DY (1)+(1—D)Y(0)
denote the observed outcome. Let u(X) = E [Y | X|. The average treatment effect

This is derived from Blomquist et al. (2021) equation (8), and I assume for simplicity that
the terms in the log are strictly positive.



at the threshold is

0=E[Y(1)-Y(0)|X =0]= liﬂ)lu(:c) - li%lu(x).
A standard approach to estimate 6 is to run a local OLS regression of Y on
polynomial m(X) with X € [—h, h| where

m(z) = (1[x >0],1[z >0]z,...,1[z >0]z", 1,2,...,2")".

Let 45, be the regression coefficient and 6, = (1,0, ..., 0)7;. If X is continuous, the
bias &(x) = p(x) — m(z)'vyy, is negligible if we choose h — 0 at a sufficiently fast
rate as the sample size increases. However, if X is discrete, this “undersmoothing”
procedure is not feasible. Kolesar and Rothe (2018) propose an honest CI under
restrictions that the bias at the threshold are bounded above by the specification

errors at other support points, i.e.

lim &(z)

10

< max [§(z)],

zeSy

< max [§(Z)],

.
im £(z) max

where Sy = Sx N [—h,0), St = Sx N [0,h] and Sx is the support of X. Under
this restriction, the identified set of 6 is characterized by (1) with

B = {(s¢,Su, xe, ) ¢ S, 50 € {—1,1}, 3¢ € Sy, € 5%},
Ae(Sey S, Toy To) = Au(Sey Sus Ty ) = O + $6€(x0) + 5uE(x0).

Kolesar and Rothe (2018) use the simple CI based on union principle for inference.
O

Example 4. (Misspecification Analysis). Masten and Poirier (2021) provide a
constructive way for researchers to salvage a falsified instrumental variable model.

Consider the classical linear model with multiple instruments:
Y =X0+7~v+U,

where Y is the outcome, X is a scalar endogenous variable and Z is a L x 1 vector of
potentially invalid instruments. Under (i) exogeneity cov(Z, U) = 0, (ii) exclusion

~ = 0 and (iii) a proper rank condition, we can point identify . However, if either



the exogeneity or exclusion restriction does not hold, the model may be falsified.

In this context, Masten and Poirier (2021) suggest relaxing the model by
o) = {9 eR: &1, <var(Z)~" (cov(Z,Y) — cov(Z,X)f) < flel} ;

where £ > 0 measures the level of relaxation and the inequalities hold element
wise. The authors suggest reporting the falsification adaptive set ©(¢), where

¢ is the minimum relaxation such that ©(&) is non-empty. In addition, ©(¢) is
characterized by (1), with

Aep = Aup = b/,

Yy, and T, are the b-th element of ¢ = var(Z)lcov(Z,Y), 7 = var(Z) tcov(Z, X),
and B={b=1,...,L:m # 0}. In their empirical application, the authors implic-
itly assume that either m, = 0 or |m| > ¢ > 0 for all b, so that B is consistently
estimable, in the sense that the Hausdorff distance between B and B converges
to zero in probability. Therefore, asymptotically we can treat B as known. Apfel
and Windmeijer (2022) propose a generalized falsification adaptive set, which also
has a union bound characterization. Both papers do not consider inference.

Stoye (2020) studies inference for interval identified parameters under misspec-
ification. The identified set for 6 is [0, 0y], and this set is empty when 67, > ;.
Stoye (2020) suggests reporting the misspecification robust identified set

(5)

[QL HU] U {O’UQL+O'LOU}

or + oy

where o7, and oy are the asymptotic standard deviations for estimators éL and
fu. In this case, the identified set is a union bound in (1) with B = {1,2},

UU9L+UL‘9U
oL + oy .

)\Z,l - 9L7 )\u,l = 9U7 )\5,2 = )\u,2 =

Stoye (2020) proposes a CI for (5), but it does not apply to general union bounds.
O

10



3 Inference Procedure

In this section, I study inference on 6 in (1). Iillustrate with a normally distributed
estimator S\n = (5\@ 5\u> such that

A A Sem X
g L N N ¢ 7 Zn ’ En _ £n lu,n
)\u )\u Eéu,n Zu,n

with ¥, known, where ¥,,,, ¥,,, and Xy, , are |B| x |B| matrices. The true value

(6)

A = (A, \) € A and A can be a lower dimensional subspace of R?5 e.g. as
in Example 1. In general, the normality holds asymptotically with appropriate
scaling, and the asymptotic variance can be consistently estimated.

I construct a modified conditional CI by inverting the test of the null hypothesis

Hy:min X\, <60 <max\,. 7
0 beB bo =" = beB usb ()

The test takes the form
¢ (9,xn, zn) ~1 [T(@) > & (0 oz)} :

where T'() is the test statistic, and @ is rejected if T(0) exceeds the modified

conditional critical value ¢™(#; ). Consequently, the corresponding 1 — o CI is

CI™(A\n, Sny ) = inf 6, sup 6] . (8)
?(0,An,50)=0  4(9,%,,,5,)=0

3.1 The Test Statistic

The test statistic has a max-min form

A

T(0) = max {rgélél Zup, min Zu,b} 9)

where Opp = \/Zz,bln Oub = 1/ Zmbb»

Aoy — 0 [ W
== , and 2, = =2
Oub Oub

(10)

11



Observing that Hy in (7) is equivalent to
Hj : max {Igleié'l()\g,b —6), Igéiél(@ - )\%b)} <0, (11)

and the test statistic is constructed by replacing A\, and A, in (11) by their es-
timator, adjusted for the standard deviation. Put another way, the population
version of T'(#), which replaces (\g, Ay) with (Mg, A,), is non-positive if and only if
Hj holds.

If we use a simple critical value ™ = &~1(1 — 5 ), then we will get a simple

CI

sim __ s - -1 _ g \ -1 _ g
CI = rggg >\€,b 0'571,(1) (1 9 ), rile%x /\u,b =+ Ou,bq) (1 2) s (12)

which is often used in current practice, see e.g. Kolesar and Rothe (2018),
Hasegawa et al. (2019), Ban and Kedagni (2022). The simple CI is uniformly
valid under mild conditions, see Proposition 2 in Kolesar and Rothe (2018). How-

ever, in general, it can be very conservative. To illustrate, define

by = argmin),p, b, = argmax\,. (13)
beB beB

and observe that

P((9€C]Slm :P(m {mangb Igugzub}>q)—1(1_%>>
o
P<maX{Z€b[7 Zup,y >0 (1—5))
< -1 a
_P<Ze,b,_;><1> ) < by > @71 2)) (14)
Nebe — Aoy Aoy — 0
=Pl == >0 (1 - 15
( O¢b + Oup ( 2)) ( )
)\ub )\ub 0 )\ub _1
P - s o1 - - 16
+ ( - - (1-3) (16)
<g_’_g_
<5 tg=a

Here the first inequality holds because I replace the minimum of Z, and Z, by

the value at b, and b,, which may not be the realized minimizers. The second

12



inequality follows from P (AU B) < P(A)+ P(B). The final inequality holds
under the null hypothesis (7).

The potential conservativeness comes mainly from the first and last inequal-
ities. The first inequality tends to be conservative when the minimum A;, is
close to other elements in \,. In such cases, we should consider the minimum of
the vector Z, instead of merely Z;;,. The same reasoning applies to the upper
bound. The last inequality becomes conservative if the union bound is wide, i.e.
Aupy, — Aoy, > max {o,p,,00p, ). In such cases, either (15) or (16) is negligible,
allowing us to replace ®~'(1 — ) with ®~'(1 — a). This scenario is also studied
in Imbens and Manski (2004) and Stoye (2009) for a single bound where |B| = 1.
Besides the first and last inequalities, the simple CI is also conservative because
(14) does not fully use the joint distribution of (Z4,, Zus, )-

That said, the simple critical value is near optimal in less favorable cases,
where both the minimum and maximum are well separated, and the length of the
identified set is short, i.e.

Ay — Ao,

. o Aube — Aub
min ——¢ > (0, min —* "% >, -
beB\be  Opp beB\by Tub min {op,, Oup, }

Mt Z b g (1)

In such scenarios, the first and last inequalities are close to equality, mitigating
any significant power loss. This implies that ¢™ is nearly optimal among constant
critical values because it protects against the less favorable distributions, although
at the cost of an inflated coverage rate against more favorable DGPs. Therefore,
it is crucial to devise a data-dependent critical value that ensures proper coverage

under case (17) but is more efficient under other DGPs.

3.2 Conditional Critical Value

Following from the previous discussion, I now construct a data dependent critical
value that is valid under less favorable DGPs and more efficient otherwise. To do
so, note that under less favorable DGPs in (17),

P(E,UE,) ~ 1 (18)

13



where®

By ={1(0) = 2,5, } 0 {\s, <0} (19)

B ={10) = 2,3, } 0 {75, > 0}

by = argminZy, b, = argminZ, .
beB beB

If the critical value ¢(0) satisfies
P (T(e) > ¢(0) |E, U Eu> <o <a, (20)

the unconditional rejection rate is bounded above by « following from (18). There-

fore, I construct a conditional critical value based on the conditional distribution
T(0)|7(6) = Zes, and 7(6) |T(9) = Zu,

for by, by satisfying Agp, < 0 < Ayp,.

Lemma 1. Under Hy, assume that (6) holds and

P(2,,=2,;,) =0. (21)

Let by, by satisfy Aoy, < 0 < Ayp,, then

FOSD

d <T(0)> — D (te1(6, b1)))) HT(@) _ Zé,bl} = Unif(0, 1) (22)

B (12(0,01)) = (1e1(6, b
@ (7(0)) = @ (tur(0,00)) | —
B (10a(0,01)) — B (tan(0,01)) HT = Z”} = Unif(0,1)

where

~\ —1 ~ ~
min <1 + p€u<b> b)) <Zu7l~; + pﬁu(b7 b)Z&b) ) Zf minplu(ba b) > -1
te1(0,b) = beB beB

—00 otherwise

61f the minimizer of Z, is not unique, define be as the smallest element of the minimizers,
with an analogous definition for b,.

14



~ -1 ~ ~
win (14 p(5,8)) (254 pralb0)Z0s) . if mings, (b,0) > —1
tu71(97 b) — { beB beB

—00 otherwise
\

(

~\ 1 ~ ~
B min~ (1 — pg(b, b)) <Z€75 — pg(b, b)Zg,b> Zf minpg(b, b) <1
to2(0,b) =  beBip(bb)<1 beB

+00 otherwise
\

r i B ) N
Cmin (1-p00) (2,5 b 0)Z0) i ming,(0,5) < 1
tua(0,b) = { beBipu(bb)<1 i

\+oo otherwise
Yo bib by b
,b1b2 u,b1 b2 Lu,b1 b2
pe(b1,ba) = ——"—,  pu(b1,b2) = ———,  peu(br,ba) = ———,
00,6:00,by Ou,by1 Ou,by 00,61 0u,by

and Z,, Z, are defined in (10).

Loosely speaking, Lemma 1 implies that the distribution of T(Q) conditional
on T(é’) = Zyy, is first order stochastically dominated by a truncated normal
distribution TN (0,1, [t,1(0,b1),te2(0,b1)]), where TN (u, 02, [t1,t2]) is a normal
distribution N (p, 0?) truncated at [t1,t2]. Hence, we can guarantee conditional
coverage by using the 1 — o quantile of TN (0,1, [t,1(0,b), ts2(6,b)]) with a© < a.
Condition (21) holds in most examples previously discussed and is assumed in
Proposition 1 for simplicity.

Define the conditional critical value ¢°(0, a°) as:

d—1! (aC(I)(t&l(g, Bg)) + (1 — ac)q)(taz(@, Bg))) if ZK,@g > Zu,i)u

@-1(046@(75%1(9, b)) + (1 — )@ (t,(6, Bu))) it 2,5, < 2,5,
(23)

where o € (%oz, «) is a user chosen tuning parameter, with a suggested rule of

(0,0 =

thumb value %a. As we will see later, a° trades off the power under more and less
favorable DGPs.

Proposition 1. Under Hy, (6) and (21), it holds that

P (T(e) > (0, )

EU Eu> <t (24)

Under (21), E;UE, can be partitioned into {T'(8) = Z43,} and {T'(8) = Z,4,}
for by, by satisfying Agp, < 0 < Ayp,. Hence (24) follows directly from Lemma
1. Under more favorable DGPs diverging from (17), ¢¢(,a) can be significantly
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smaller than ®~'(1 — §). To see this, let # = Xy, be the lower bound of the

identified set and assume that T'(f) = Z,;,- If the identified set is very large

relative to the standard deviation, we have
. . ~1 .
(0,50 < (14 pralbes b)) (Zum + pealles i) 2,5,

RS S A o
= (14 pralir b)) (ﬁ%—41+Q%@mw—fﬂ)%@)z—m,

Ou,by U,ba,

(25)

X —us
. . 2,6 u,
where the approximation ~ follows from —4t——

w,by

~ —oo. In this case,

(0, a%) ~ & ((1 —a%)d (tm(e, 13@))) <P I(1—af) <1 - %).

Moreover, if the minimum A, _;, is not well separated from A;,, then the upper
bound t,(6, l;g) will be the minimum of several random variables, which will fur-
ther reduce the critical value. I next illustrate the conditional critical value using

a simple example.

Example 5. (Simple Union Bounds) Consider a simple union bound
0 € [min {1, Ao}, max {\, A2}]
and the estimator satisfies
(Xl AL e — AQ) ~ N(0,T5) .
The test statistic has the form
T(G) = max {min {5\1 - 0,5\2 - 0} , min {9 — 5\1,9 — 5\2}} )
Assume that 7'(0) = A\; — 6. In this case, the conditional critical value is
&(0; %) = ¢ ((1 ~a%)® (x2 - 9) +atd (0 - X2>) <d 11— a9,

If the minimizer and maximizer are well separated, e.g. Ay = # and Ay — oo, the
efficient critical value is ®1(1 — «), as discussed in Imbens and Manski (2004).

In this case, A, will be large and é°(6; a¢) — ®~1(1 — a°), which is slightly conser-
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Figure 2: Left: Conditional Critical Value. Right: Modified Conditional Critical
Value.

vative. This follows from the fact that the conditional critical value is designed to
correct for the case when all elements, except for b, and b, are far away from bind-
ing. On the other hand, if Ao is relatively small, then the critical value is smaller.
In Figure 2 left panel, I plot the rejection region for the simple and conditional
critical values with a = 0.05 and a® = 0.04. The green region denotes the null
parameter space.” The red curve is the boundary corresponding to the conditional
critical value, and the grey region is the rejection region for the conditional critical
value. Finally, the two square regions filled with lines are the rejection region of
the simple test. The rejection region of the conditional test is strictly larger than

the simple test. O

It is important to note that ¢°(6, a“) may not serve as a valid critical value,
because P (Ey U E,) can be much smaller than one when moving away from (17).
For that reason, next, I show how to construct a uniformly valid modified condi-
tional critical value that retains favorable power properties relative to the simple

critical value.

3.3 The Modified Conditional Critical Value

I introduce a novel modification to the conditional critical value:

¢ (0;a) =™ (0, ¢ o) = max {¢°(6, ), '} (26)

"The null parameter space mirrors that of testing for sign agreement, see e.g. Miller, Molinari,
and Stoye (2024) and Kim (2024). However, with more than two variables, these two testing
problems do not nest within each other.
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where ¢* is defined later in (30).
To illustrate the construction of the truncation ét, let C' m(c) be the CI based
on (8) with ¢™(6; ) replaced by é™(0,c; ). Given a potential true value A, the

rejection rate at 6 is
plest. A ) = P (0¢ CT" (N (A D))

where P(-; N(), X)) is the probability under (6). It suffices to define the lower

truncation as the minimum value that achieves uniform size control, i.e.

@) =inf{ceR : sup p(c;0,\X)<ayp, (27)
AEA((H)

where Ag is the set of feasible A satisfying Hy:
Ao(0) = {()\g, M) EA: min Aip <0< max )\u,b} )

Note that ¢'() < ¢#™ = &~1(1—%) because p(c™™; 0, A, 2) < a from the discussion
in Section 3.1. In fact ¢*(f) is usually significantly smaller than ¢*™. The intuition

is that by virtue of Lemma 1, truncation is unnecessary for DGPs such that

11—«
1—ac

P(E,UE;N(\X)) >

(28)

with o < «a, where E,, E, are defined in (19). Thus we only need to consider
truncation in more favorable DGPs deviating from (17), i.e. when the minimizer
or maximizer is not well separated, in which case a smaller critical value suffices.
Given (0, \), we can calculate p(c; 0, A, X)) by simulation. Nevertheless, calculating
CI m(ct) can be time consuming because (i) we need to calculate c*(6) for a grid of
6 to get the CI and (ii) A¢(#) is an unbounded set, which slows the computation
down.

To improve computational efficiency, I propose a lower truncation that does
not depend on 6. First, note that for given A, either 6 € [0;,0,,] or 6 € [0,,,0.],
where 0) = Aoy, 0w = Aup, and 0, = (60 + 60,)/2. As a result, we can bound
p(c; 0, A, %) by

p(c;0,\, %) < max {P <[0g,9m] Z CA'jfm(c);N()\, E)) P ([Qm,Qu] Z &m(c);N(A, Z))}
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{ ( (0g) > ™ (by, ¢) or {T(Qm) > (0, ¢) and T(@u) > 6m(0u,c)} ;N(A,E)) ,
( (0, ¢) o {T(em) > & (O, ) and T(8;) > & (6, c)} N, 2))}
=:p(c, \, X0). (29)

Therefore, it is valid, but conservative, to replace p(c; 6, A, ¥) in (27) with p(c, A, X).
In addition, to avoid maximization over an unbounded set, let A be a 1 — 7 com-
pact confidence set of A, with suggested value n = 0.001. In sum, it suffices to
use

¢ = inf {CZO: supp(c,)\,Z)+77§oz}, (30)

¢ AeA,

and p(c, A, X) is defined in (29). In terms of computation, p(c, A, X) can be conve-
niently calculated via simulation, and we only need to calculate the maximization
over a bounded set once rather than for a grid of 6. In general, with 1 small
enough, ¢' is much smaller than ®~1(1 — ) by the intuition explained around
(28). Moreover, in many examples, the feasible space A is a lower dimensional
subspace of R?8l. so that the supremum is taken over a space much smaller than
R8I which reduces the computational cost.

The lower truncation ¢' is more likely to bind under more favorable DGPs, and
it increases in the tuning parameter a°. Hence, a° trades off the power between
more and less favorable DGPs. A larger o leads to higher power under less
favorable DGPs, while a smaller o leads to higher power under more favorable
DGPs. It is possible to choose an optimal a° by, e.g., maximizing the weighted

average power. | leave this to future research.

Remark 1. The relaxation in (29) to get p(c, A, X) is not overly conservative. To
see this, if the identified set is large, #,, will be covered by the modified conditional
confidence interval with probability close to 1, so the conservativeness introduced
by this relaxation is negligible.® Conversely, if the identified set is very small, then
the set’s coverage will be similar to the coverage of a point. Moreover, we can
reduce conservativeness by increasing the number of elements in the partition at

the cost of increased computational difficulty.

Example 5. (Simple Union Bounds, Cont.) For simplicity, in this example I let
n = 0. With o = 0.05 and o = 0.04, we can calculate that ¢* = 1.06. In Figure

8By construction é™ > 0, thus if v/n (Aup, — Aep,) — 00, we have P ()\ <0, < ;\u i ) —
1.
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2 right panel, I plot the rejection region of the modified conditional test. The
blue dotted curve is the boundary corresponding to the lower truncation ¢*, and
the grey region is the rejection region for the modified conditional test. The rest
are the same as in Figure 2 left panel. As we can see, the rejection region of the
modified conditional test is strictly larger than the simple test, leading to power
improvements. Compared to the simple rejection region, the conditional test also
rejects if both 5\1 and 5\2 are small. The intuition is that if both A\; and A\, are close
to zero, then there are multiple approximate minimizers and maximizers, so we
only need a small critical value. The lower truncation ¢ removes some counter-
intuitive values from the rejection region close to Hy, e.g. (5\1 —0, A — 9> =
(g,¢) = (0,0). O

3.4 Size and Power Properties

I now present the conditions under which the modified conditional CI has asymp-

totic uniform validity.

Assumption 1. (Known Singularity). A, A, are known |B| x J matrices such
that

Ao = Aydp, Ny = Auop (31)
5\2 = AE&% 5\u = Augn
A / A
So=| Ay A Q| A 4
for some (0p, O, Qn)
Assumption 2. (Asymptotic Normality). Let BL, denote the set of Lipschitz
functions which are bounded by 1 in absolute value and have Lipschitz constant

bounded by 1. Assume

lim sup sup
n—00 pcP feBL,

Ep (£ (Vi (6. - p))] - ELf(e1| =0,

where Ep ~ N(0,Qp).

Assumption 3. (Full Rank). Let S denote the set of matrices with eigenvalues
bounded below by e > 0 and above by € > e. For all P € P, Qp € S.
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Assumption 4. (Consistent Covariance Estimator). For all € > 0,

lim sup P (HQn — QPH > 5) =0
n—00 pep
Assumption 5. (Confidence Set of X\). For alln € [0,%), the confidence set An

satisfies

lim inf mg)P (()\g, ) € An) >1—n.

n Pe

Assumptions 1, 2, 3 and 4 imply that /n (5\” - A p> is asymptotically normal
with a consistently estimable variance. The asymptotic variance is allowed to
be singular, but the source of the singularity, i.e. A, and A,, is known to the
researcher. Given this, we only need to verify whether A, = —aA,;, for some
a > 0 to know whether pg,(b1,by) is at the boundary —1, which simplifies the
construction of ¢°(6, a). These assumptions hold for the examples in Section 2.2
with finite B under mild conditions, and I give detailed illustration based on RR23
in Appendix C. Assumption 5 requires that A is a uniformly valid 1 — n confidence
set of (Mg, Ay), €.8.

JJ

A= {(Aﬂs, AS) €N S e A}, A= {5 b, — 65 < 0P, Vi =1, ..., J}
(32)

=1,...,

where Q(X,1 —n) is the 1 — 1 quantile of X.

Theorem 1. (Uniform Coverage) Suppose Assumptions 1, 2, 3, 4, and 5 hold.

Let a € (0,1/2), a® € (£,a), n € [0,%5%). It holds that

lim sup sup sup P (6’ g CcIm <;\n, f]n/n, a)) <a.

n—oo PeP ee[Ag,b[,/\u,bu]

Next, I compare my method to two existing approaches which are also uni-
formly valid: (i) the simple CI given in (12), and (ii) the adjusted bootstrap CI
proposed in YKHS23.

Theorem 2. (Power Comparison with Simple CI) Suppose Assumptions 1, 2, 3,
and / hold. ]\n is defined as in (32). Let o € (0,3), a° € (%, ), n € [0, azaty If

D) 2

one of the following two conditions hold
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1. (Symmetric Bounds)A, = Ay, and P, satisfies

hglegip max ity p (b, b) < pi(e, o), (33)
lim sup py(be, bu) < p5(a,n), (34)
PePy,

where pi(a, a®) and pi(a,n) are defined in Lemma 10 and Lemma 7, respec-

tively.”

2. (Large Bounds) Let k,, = o(y/n) and k, — oo, and

,Pn:{Petpi/\u’bu—)\g’b[Z%}. (35)

It holds that

1. Modified conditional CI is shorter: there is o > « such that

liminfping P (C’Im <5\n, S /n; a) c crsm <;\n, Sa/n; a')) =1. (36)

n €Pn

2. Modified conditional CI has higher power: for all P, € P, there is a subse-
quence P, and r € (0,400) thus that

liminf P, <9an ZCI™ <;\an, Yo, [ a))—Pan (9% ¢ CI*™m (5\%, S,/ a>> >0
Ap—>00

(37)
for 0, =0, — \/iﬁ The same applies to the upper bound.

The first part of Theorem 2 considers the case where the upper and lower
bounds are symmetric, as in Kolesar and Rothe (2018), Masten and Poirier (2021),
and RR23. If the correlation coefficients among ¢ are not too large, the modified
conditional CI is strictly shorter than the simple CI. The upper bounds pj(«, a)

and pi(a,n) can be easily solved for numerically, and I list the value for a few

combinations:
p1(0.05,0.04) = 0.84, p1(0.10,0.08) = 0.83,
05(0.05,0.001) ~ 1, 05(0.10,0.001) =~ 1.

9Here py(b1,b2) = pu(b1,b2) = peu(b1,ba), so I only impose restrictions on py.
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The values are large and thus the restriction (33) is not binding in most applica-
tions.

The second part of Theorem 2 compares the modified conditional CI with the
simple CI in a different set of DGPs. It shows that if the identified set is relatively
large compared to the standard deviation of the estimators, which is O(\/LE), the
modified conditional CI is shorter than the simple CI with probability approaching

one. The intuition follows from the discussion around (25).

Theorem 3. (Power Comparison with YKHS23) Let CTYKHS <5\n,f]n/n, a) be
the adjusted bootstrap procedure proposed in Hasegawa et al. (2019) Algorithm 1
equation (15) with tuning parameter m = -, where k, — 0o and r, = o(n). Let
a>0, Kk, = o(y/kn), ki, = 00. Define local alternatives

/ !/
. K
0, =min \pp, — —=a, or f,=max \,;, + —=a.
beB beB

Vi Vn
Then

liminf inf P (Qn gCcIm (Xn,fln/n, a>> =1,

n—oo PeP
lim sup sup P <9n ¢ CJYKHS (5\71, 2n/n, a>> < a.
n—oo PEP
YKHS23 method relies on a random draw of a subsample with size m = -, and
thus the convergence rate of the CI to the identified set is \/m, slower than \/n.
Theorem 3 follows from the convergence rate of CI1YXHS and C'I™. The sequence
of 6, is rejected by the modified conditional CI with probability approaching one
following from Lemma 2, while it is rejected by CTYX¥HS with probability bounded

above by a. Hence, CI™ has large power improvement upon CIYKHS,

4 Simulation

In this section, I study the size and power properties of the proposed procedures
and compare them to several alternatives. I conduct simulations in the context of
Example 1, i.e. relaxation of the parallel trends assumption as in RR23. Besides
the modified conditional CI proposed in Section 3, I consider two existing proce-
dures for union bounds: (i) the adjusted bootstrap in YKHS23, (ii) the simple CI
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in (12), and (iii) the inference procedure in RR23."° All three methods are uni-
formly valid. All tuning parameters are set at the values in the papers in which
they are proposed.

Each sample {Y;}_; and estimator is generated by

R 1

n

The inference is conducted using the pair (9,%). The covariance matrix ¥ is
calibrated from the empirical results reported in (i) Dustmann et al. (2022) Figure
7(c), (ii) Benzarti and Carloni (2019) Figure 2(E), (iii) Lovenheim and Willén
(2019) Figure 3(A), and (iv) Christensen, Keiser, and Lade (2023) Figure 5(b).
Specifically, ¥ is set to be the estimated covariance matrix for ¢t = =T, ..., —1, 1,
where T' is reported under Figure 3. For each X, I considered three true values
for ~v: (i) the parallel trends assumption holds, i.e. v7"¢ = Op; (ii) there is a small
violation of the parallel trends, where v77¢ is calibrated from the same source as
¥; (iii) there is a large violation, where v7"¢ = (1007, 0r—1), oar = maxpeg {0wp}-
Without loss of generality, I normalize 47°* = 0. In sum, I consider 4 x 3 = 12
empirically motivated DGPs. Note that the simulation results of the modified
conditional CI, the RR23 CI, and the simple CI are invariant to n, while YKHS
depends on n because of a subsampling step. I set n = 5000 and .S = 1000 sample
draws.

In Figure 3, I plot the rejection rate near the upper bound. The lower bound is
similar and thus omitted. The horizontal axis is the value of 8, while the vertical
axis is the rate that 6 is not included in the CI. The asterisks represent the
identified set, and the nominal rejection rate is 10%. The modified conditional CI
is the red curve and it has proper size control in all simulation designs. The simple
CI is the black dotted curve and it has significantly lower power than modified
conditional CI in all designs.

RR23 CI is plotted in blue dashed curves. The performance of RR23 varies
with the DGPs, and the power is usually between the modified conditional CI and
simple CI, see e.g. Figure 3a, 3b, and 3d. In some DGPs, RR23 may perform

10YKHS23 propose two CIs in Algorithm 1 equation (15): one with the tuning parameter
m/N — 0,m — oo and the other with m = N. The second one is not uniformly valid, and
thus I only consider the first one with m = N/log(log(N)) as suggested in their Section S1.4.
For RR23, I use their hybrid conditional CI with tuning parameter n = {;, which is the default
choice in their code. For my CI, a° = 0.8a;, 7 = 0.001.
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worse than the simple CI, e.g. in Figure 3g. When there is only one large violation,
for example in Figure 3i-31, the minimum and maximum of the union bound are
well-separated from other bounds, and RR23 is near optimal by their Corollary
3.1. In this case, the modified conditional CI has a slightly smaller rejection rate
and is close to optimal.

YKHS is plotted in green circled curves. YKHS has slightly higher power than
the modified conditional CI for points very close to the identified set but often
suffers from large power loss for points farther away, see e.g. all designs except
Figure 3¢ and 3g. This is consistent with the slower convergence rate of the YKHS
CI to the identified set.

In Table 1, I report the median CIs.!! T compare the differences between the
length of median CIs and the length of the union bound estimates, as a measure
of efficiency.'? The difference of the modified conditional CI is the shortest, or
slightly larger than the shortest, in all DGPs. It significantly reduces the value of
RR23 (resp. YKHS, simple CI) by a proportion up to 43% (resp. 32%, 37%), see
third panel with small violation (resp. fourth panel with parallel trends, fourth
panel with parallel trends).

The power of modified conditional CI is not sensitive to the tuning parameter

O[C

When af varies from 0.06 to 0.09, the largest change in the rejection rate
across all DGPs is 0.12, and the average change in the length of the median CI,
net of the length of the union bound estimate, is 13%. The average computing
times on a standard PC without parallelization for T' = 3,4,9,15 are 80s, 80s,

100s, and 260s, respectively.

5 Empirical Illustration

In this section, I apply the modified conditional CI to the sensitivity analysis in
Dustmann et al. (2022). The authors study the labor market effects of the mini-
mum wage implemented by the German government in January 2015, impacting
approximately 15% of the workforce. The minimum wage policy remains a subject
of considerable controversy within the labor market, as it simultaneously addresses

wage inequality while potentially leading to disemployment. One main conclusion

1A median CI is the median lower bound of the 1 — o CI to the median upper bound, and
the median is taken over S samples.

12The consistent union bound estimate is |minyeg A¢p, maxpep )‘u,b]
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Table 1: Simulation Results - Median CI

Point Modi. Con. RR23 YKHS Simple
Dustmann et al. (2022) T =3
Parallel Cl  [-0.188,0.188]  [-0.470, 0.456]  [-0.505, 0.492]  [-0.486, 0.502] [-0.578,0.565]
[0,0] Diff. 0.550 0.621 0.612 0.768
Small Vio. CI  [0.196,0.195]  [-0.467, 0.475]  [-0.504, 0.505]  [-0.492, 0.504] [-0.576,0.581]
[—0.080,0.080] Diff. 0.551 0.619 0.605 0.766
Large Vio. Cl  [-2.508, 2.503]  [-2.857,2.852]  [-2.840, 2.836]  [-2.955, 2.995] [-2.920, 2.916]
[-0.316,0.316]  Diff. 0.698 0.666 0.939 0.825
Benzarti and Carloni (2019) T =4
Parallel CI  [0.028,0.029] [-0.058,0.059]  [-0.067, 0.067]  [-0.070, 0.074] [-0.075, 0.075]
[0,0] Diff. 0.061 0.077 0.088 0.093
Small Vio. CI  [0.085,0.085  [-0.120,0.119]  [-0.121,0.122]  [-0.130,0.140]  [-0.130, 0.130]
[—0.080,0.080]  Diff. 0.069 0.073 0.101 0.090
Large Vio. ClI  [0.316,0.317]  [-0.359, 0.354]  [-0.358, 0.354]  [-0.374, 0.368] [-0.368, 0.363]
[-0.316,0.316]  Diff. 0.080 0.079 0.109 0.098
Lovenheim and Willén (2019) T =9
Parallel CI [-0.909, 0.884] [-1.886, 1.867] [-2.341, 2.343] [-1.709, 1.800] [-2.235, 2.236]
0 € [0,0] Diff. 1.960 2.891 1.715 2.678
Small Vio. CI  [1.360, 1.354]  [-2.261, 2.225]  [-2.927, 2.893]  [-2.193, 2.194] [-2.590, 2.567]
[—0.993,0.993] Diff. 1.772 3.106 1.673 2.442
Large Vio. CI [-9.366, 9.332]  [-10.034, 10.174]  [-9.999, 10.128]  [-10.201, 10.483]  [-10.153, 10.323]
[—9.350,9.350]  Diff. 1.509 1.428 1.985 1.778
Christensen et al. (2023) T =15

Parallel Cl  [-0.108,0.108]  [0.197,0.195]  [-0.225,0.227]  [-0.233, 0.242] [-0.247, 0.249]
[0,0] Diff. 0.176 0.236 0.259 0.280
Small Vio. CI  [0.279,0.281]  [-0.391,0.409]  [-0.391, 0.405]  [-0.431, 0.445]  [-0.416, 0.434]
[-0.276,0.276]  Diff. 0.240 0.236 0.316 0.290
Large Vio. CI  [-0.932,0.933]  [-1.040,1.029]  [-1.036, 1.025]  [-1.084, 1.064] [-1.062, 1.047]
[—0.934,0.934] Diff. 0.204 0.196 0.283 0.243
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of Dustmann et al. (2022) is that the minimum wage increase resulted in higher
wages without causing a decline in employment levels.

To study the employment effect, the authors estimate the DiD design

2016
log(emp,,) = Z wGAP, L[t =t + o, + & + e (38)

=2011,7#2014

where log(emp,,) is the log employment in district r, time t; GAP, is a measure
of the exposure to the minimum wage; a,. and &; are district and year fixed effects.
The parameter vector ~ is the event study coefficients with 75914 normalized to
zero. Figure 4 left panel shows the estimated coefficients {7, } from specification
(38). Under the parallel trends assumption, the high and barely exposed districts
evolved at the same rate in the absence of the minimum wage policy. In this
context, the coefficients 79015 and 9916 in the post-policy years serve as measures
for the employment effects of the minimum wage policy. However, Figure 4 in-
dicates that the coefficients 9011, V2012 and 79013 in the pre-policy years are not
statistically or economically indistinguishable from zero. Hence, it is evident that
the parallel trends assumption does not hold. Consequently, the authors conduct
sensitivity analysis using RR23, as detailed in their Appendix A.14.

In particular, the authors conduct the sensitivity analysis using the second

differences relative magnitudes (SDRM) relaxation. This approach assumes that

_ _ _ < _ _ _
|(f2015 72014) (72014 72013)‘_]\/[5:2%%?5013‘(% ’Ys—l) (%71 ’73—2)|,

where 9015 represents the potential differential trend without the minimum wage
policy. Essentially, without the minimum wage policy, the slope change at t = 2015
is bounded above by a factor of M times the previous slope changes. M measures
the level of relaxation. This aligns with the approximately linear pretrend observed
in Figure 4. The employment effect of interest is quantified as o015 — E2015."> That
is, with one unit increase in GAP and other covariates fixed, the employment rate
will increase by 100(v2015 — &2015)% in expectation.

In Figure 4 right panel, I report the 95% CI for different values of M con-
structed based on three different methods: the modified conditional CI proposed
in Section 3, the hybrid CI in RR23, and the simple CI in (12).!* We can clearly

13The identified set is given in Appendix C.
14The estimated coefficient and covariance are available but the data for regression is confi-
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Figure 4: Left: Estimated Employment Effect. Right: Sensitivity Analysis under
SDRM.

see that the modified conditional CI is the shortest and the simple CI is the widest
for all M, and the improvement of the modified conditional CI upon the simple
CI doubles the improvement of RR23 upon the simple CI.

The authors compare the minimum wage induced disemployment effects and
wage effects. To do so, they estimate the wage effect using the same DiD design
as (38) with regressor log(wage,,). After adjusting the linear pretrend, the point
estimate of the wage effect at t = 2015 is 0.6, represented by a dashed line (with
an inverse sign) in Figure 4 right panel. The authors are interested in whether
the employment effect is robustly higher than —0.6, leading to an employment
elasticity with respect to own wage less than 1 in absolute value. When using the
natural benchmark M = 1, only the modified conditional CI is above the negative
wage effect. It is also informative to report the “breakdown” relaxation at which
the wage effect is no longer larger than the (negative) employment effect. In this
case, the breakdown M for the hybrid CI is around 0.75, while the one for the
simple CI is around 0.6. Remarkably, the breakdown relaxation M of my method
is 33% to 66% larger than the other two. The average computing time of my

method is 50s per confidence interval.

dential, thus I can not implement the YKHS23 bootstrap procedure.
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6 Conclusion

In this paper, I propose inference procedures for a target object whose identified
set is a union of bounds. When the union is taken over a finite set, I introduce
a novel modified conditional CI based on a modified conditional critical value,
which significantly improves upon existing procedures over a large set of DGPs.
There are a few directions for future work. First, the important tuning parameter
af trades off the rejection rate between less and more favorable DGPs, and the
suggested rule of thumb value is %a. It would be useful to consider a choice of
af that optimizes some objective function, for example, weighted average power.
In addition, the idea of modified conditional inference could potentially apply to
other non-standard inference problems like directionally differentiable functions.
This idea does not impose shape restrictions, e.g. convexity, on the null space.
Lastly, my inference procedures assume a correct specification that the union
bound is non-empty. If the model is misspecified, the CI can be an empty set
or spuriously short. It would be interesting to consider misspecification robust
inference for general union bounds, in the spirit of Stoye (2020) and Andrews and
Kwon (2023).

A Proofs for Theorems and Propositions

For P € P, let 6p denote the true value of 0, Apy = Aydp, Apy = Audp,
Ope = Igéiél Apey, Opu = max APupy Opm = (Ope+ Opu)/2.

bet A7 Aun?
L ~ N(O, Qo) , Z&b _ [6h 5, Zu,b _ _ubdZs

00,4,b 00,u,b

denote the limiting distribution of

vn (5\@,1) - )\Pn,é,b> vn <)\Pn,u,b - 5\ub>

Y

Vi (b= or,) . : :
Oub Ou,b
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with 2y and P, specified in Lemma 3 and 0¢ ¢, = 4 /A&bQ()A/&b, O0ub = 1 /Au,bQOA;7b-

For k =0, m,u, let
T, = max {min Zop + Moy, min Zy, p, + Aku,b} (39)
beB beB

be the asymptotic analog of T'(0p, 1), where (A, A,) are specified in Lemma 3
(78).

Let B, be a subset of B such that A, # Ay, for all by # by, by, by € By. If
there is Ay, = Agp, for by,be € B, keep only min{by, bs} in By. Construct B,
in the same way. Let by, by, be the asymptotic analog of I;g(é’k) and l;u(ﬁk), with
support By, Bry:

bry = min {arg minZy, + )\M,b} ) by, = min {arg minZz, p + )\ku,b} ,
beB, bEB,
Bie =1{b€ By : Apep < 00}, Biw = {b € By : My < 00} . (40)

Define the asymptotic analog of (¢,1,%,2) in Lemma 1 evaluated at fp, ; as

o Z g oo (00) Zoptth,  (0B) S
i e (b)) - i minp (b, b) > —1
trea (D) = § be c (41)

—00 elsewhere

th1(6,0) = A + pea(b, 5) Mg

Similarly, we can define tgpo,ty1,tu2. If ‘)‘ku,i)| = 00 and |Agep| = o0, tlm(b, B)
may not be well defined. However, as we will see later, this case is irrelevant for
the proof. Let

G (acq)(tMJ(bk;E)) +(1- ac)q)(th,Q(ka))>7 it Zop, + Metory = Zupry T Mewbr,

=
ot (acq)(tku,l(bku)) +(1 - ac)cb(tku,2(bku))>7 i Zo e + Aty < Zubry, T Mewbya,
(42)
be the asymptotic analog of ¢°(0, ac). Let
p(c) = max{P (T, > ¢;*(c) or {1}, > c(c) and T, > ' (c)}) , (43)

P (T, > c;'(c) or {T,,, > cin(c) and Ty > ¢ () })},
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where ¢’ (¢) = max {c{, ¢} and Ty, ¢, are defined in (39), (42). Lastly, let
d=inf{c>0:p(c) <a—n}, (44)

be the asymptotic analog of ¢* defined (30).
[ use ® for the CDF of N'(0, 1) and ®y(x1, x9; p) for the CDF of N (0, [1, p; p, 1]) .
Proof of Lemma 1.

Proof. Let by satisfy Arp, < 6, and I show (22). Similar proof applies to the upper
bound. The proof mainly uses Theorem 5.2 and Lemma A.1 in Lee, Sun, Sun,
and Taylor (2016), and below I follow their notation. For s € B, let

A, = 15x1 b= Zy ‘
—1 —Zys

{T(e) - zg,,,l} = J {42 < b} (45)

seB

It is easy to see that

To simplify A;Zyp, < bs, note that for all b € B,

Zigy < (1= pe(01,0) " (Zop — pelbr, b)Zes,)  if pe(br,b) < 1

Zip < Zyp &
0 S Zg,b - Zf,bl if pg(bl, b) =1

Zig > (14 pru(b1,8) " (Zus + peu(bi, 8)Z0p,)  if pealby, s) > —1
Z@,bl Z Zu,s =

0> Zu,s - Zé,bl if péu(bh S) =—1
Therefore,
{AsZpp, < b} ={V; < Z4y, <V, V° >0}, where (46)
Vﬁ . (1 + pﬁu(bla 3))—1 (Zu,s + pfu(bb S)Zé,bl) if pﬁu(bla 3) > —1
’ —00 if peu(b1,s) = —1,

min (1 — pe(b1,0)) " (Zep — pe(by, b)Zep,) if {b€ B, pe(by,b) <1} #0
Y+ = { beBpe(b1,b)<1

+o0 it {be B, pu(bi,b) <1} =0,
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. Zp— Z if ppu(b1,s) > —1, b, b) =1
beB:;fﬁ};?,b)ﬂ b o 1L pe ( 1 3) T?G%ng( 1 )

V0 = { ‘ N A } if — b) =1
s min besgﬁ?,b) IZK,b Vb1 2y ws ¢ if peu(by, s) , I}bleaBXpe(bu )
1 elsewhere.

Zp, L YT {V; V)

Lemma 1,

SGB} by construction. With ¢,1(0,b;) and t,2(0,b1) in

[tea(6,00),te2(6,00)] = () [V, V]
seB
Let F),(x;t1,t2) denote CDF of a N'(y, 1) random variable truncated to [ty, ts],

B — ) — Bty — )
Dty — p) — Oty — p)

where = E [Z,] = )\frb} — < 0. Then by Theorem 5.3 in Lee et al. (2016),

FM([E;tl,tQ) == (47)

Fu(Zop,;te1(0,01),t02(0,b1)) U {AZep, < by} ~ Unif(0, 1), (48)

seB

and by Lemma A.1 in Lee et al. (2016), for all z € R,
Fo (25t01(0,01),t02(0,01)) < Fu (2;t01(0,01), t02(6,01)) - (49)
Therefore, we have
2(10) 0@ h) | }
D (tr9(0,b1)) — @ (to1(0,b1)) { )= Zen
~FY (Zpy5te1(0,01),t02(0,01)) {T(G) = Z&bl}

FOSD ~
2 FL (Zoo tea(0,b1), o2 (0, b)) {T(@) :z“l} Unif (0, 1).
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Proof of Proposition 1.

Proof. To simplify notation, let

Béoz{bez@g Ay < 0, P(b:l;g>>0},
Buoz{bezsu;xu,bze,P(b:Bu)>o}.

Let by € By. F), is defined in (47). By Lemma 1, it holds that

P (1(6) > &(0,0%)

T(0) = 21, )

Fo (T(0);t01(0,b1),te2(6, b1)> > Fo (¢5(0,0°): t01(0,by), t02(60, b)) ]T(e) = zg,bl)
| 7(0) = 20, )

—P (Unif(0,1) > 1 — a®) = a*, (50)

—P

where the second line follows from Fy(x;t,t3) strictly increasing in z, the inequal-

ity follows from (49) and by construction
Fo (6500, 0%);t0,1(0,b1),102(0,01)) = 1 — af,
and the last line follows from (48). Let by € B,o. Similar argument gives

2 (T(e) > (0, o)

7(0) = zuﬁbQ) < at. (51)

Therefore, we have

-y r (T(e) 0,0 |T(0) = zg,bl) P(T(@) = Zu, EgUEu>
b1€Byg
+ Y P(T(Q) &0, ) - ubg) ( = Zus EgUE>
ba€Buo
gaCZP(T(e) Zen EgUE)+oz S ( (0) = Z,4, EgUEu>za
b1€Byg b2€Buo

where the first equality follows from {T(Q) = Z&bl} ) {T(G) Z, bz} . is a
1€61 ba€By

partition of Ey,U E,, under (21), and the inequality follows from (50) and (51). O
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Proof of Theorem 1.

Proof. By Lemma 3, we only need to show (75) for sequence P, satisfying Lemma
3 conditions 1 and 2.
Step 1. I show that for all ¢ € R,

P (c, Ap, S /n) L (52)

where p (c, Ap,, f]n/n> is defined in (29) and p(c) is defined in (43). Note that by
Assumption 4 and (77), Q, 2 Qo, thus there is 7, = o(1) such that

~

Q, = Qo+ 0,(1). (53)

Let

!/

Ay
Ay

A
0 ¢

:QES,HQ—QOHSTn}.

-

To show (52), note that for all € > 0,

U

P, <’13 (c, )\pn,f]n/n) —p(c)‘ > 5)
<P, <‘13 <c, )\pn,ﬁ)n/n> —p(c)‘ >e %, € En> + P, (i}n ¢ En>

<P, (sup Ip (¢, Ap,, % /n) — p(c)| > 6) +0(1)

YeX,

+o(1),

4 [sup 1P (e, Ap S/n) — ple)| > ¢
Yex,

where the first inequality follows from P(A) < P(A N B) + P(B°), the second
inequality follows from (53), and the last line is because p (¢, Ap,,>/n) and p(c)

are non-random. Thus it suffices to show

sup |p (¢, Ap,,X/n) — p(c)| — 0.
Tex,

To do so, there is a sequence ¥,, € 3, such that

lim sup Sup 1D (¢, Ap,, 2 /n) — p(c)| = limsup |p (¢, Ap,, Xn/n) — p(c)|
n C2in n
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and it suffices to show

liinﬁ (e, Ap,, 2n/n) = p(c). (54)

First consider the case when /n (Ap, wp, — Ap,.ep,) € R along P,. Note that
9(Ty, T, Ty, C5y ¢ ) =1 [Ty > c™(cG, ¢) or {T,, > "(c;,,c) and T,, > ™ (cy, ¢)}]
is bounded and continuous on D with

P(D) = P (T, = c™(c,c) or T), = ™(c%,,c) or T,, = ¢™(c5, ¢)) = 0.

The second equality follows from (i) (73, T},,, T3,) is continuously distributed and (ii)
Te L ¢, T, L6, T, L ¢ by construction. Thus (54) follows from Portmanteau’s
Lemma.

Second, when /n (Ap, up, — Ap,.0p,) — 00 along Py, let

(C )\Pna n/n = max P (T AP fbg > C (APn,Z,bgac);N<)\Pn7 En)) ) (55)

P (TOpyup) > & O i N Op, ) ) b
and we have
0<5(c, Ap,Sn/n) — 5 (e Ap., S /1) < P (T(em) > @O, ) N Op, zn>) — o(1)
where the last equality follows from Lemma 4. Then, (54) follows from

B(e, Ap,, Sn/n) = max {P (T(en,g) > (B0, ) N (Ap,, zn)) ,
P (TA(GM) > & (O ) N (Ap,, En)>}
—max {P (T, > ¢;'(c)), P(T, > c.'(c))} = plc) (56)

(56) follows from Portmanteau’s Lemma and Lemma 4.
Step 2. I show that for all € > 0,

lim sup P, (633” < - 5) =0
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where ¢' is defined in (44) and ¢, is defined in (76). Note that by definition
D <é§3n7 )\Pn7 in/n) <oa-— n
and p (c, Ap, s in/n> is decreasing in c¢. Thus

limsup P, (¢, <cf —e¢) <hmsupP ( (c —&,Ap, n/n) <a—n) =0

n

where the last equation is by

P = An Su/n) Bp(d =) >a—n, (57)

and (57) follows from Step 1 (52).
Step 3. Lastly, we show (75). Let

E,c) = {T(e) > 5m(9,c)} .
For all £ > 0, it holds that
liinﬁsotip max { P, (E(0p,¢% )V {E(Om, Ep ) A E(04,85)})
Py (E(0u, ) V { B (O, ¢p,) N E(0r¢p,)}) }
<E(94, &)V {E(@m, & — &) A E(b,d — s)}>,
P, (E(@u, &)V {E(em, ¢ — &) NE (Bl — g)}) }

+ lim sup P, (é’}n < - 5)

n—oo

=p(c' —¢) (58)

< lim sup max {Pn

n—oo

(58) follows from Lemma 4 and Portmanteau’s Lemma. Here I omit the subscript
P, in 0;, 0,,, 0, and « in é™, é™ for simplicity. Since (58) holds at all ¢ > 0, we

can take a sequence of ¢ — 0, then by Lemma 9,

lim sup max {Pn (T(Og) > (0 a) V {T(Q ) > (O ) A T(9 ) > (%;@}) ;

P (T(0) > &(0,0) V {T(0,) > &(0:0) AT(0)) > e"(00) } ) |
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<limp(c' —¢) = p(c") <a—n.

e—0

The last inequality is by construction. This completes the proof. O]

Proof of Theorem 2.

Proof. Part 1. Symmetric Bounds. Since A\, = A\, and 5\g = S\U, let
T(0) = max {I[}lelél {Z}, min {—Zb}} ,

where Zu b = Zb Zg b = Zb-

El /f ’
Step 1. By Lemma 8, there is o] > a such that
.. . At (1/1
< — ) =1,
hmnlnf JygDP (c <o'(1 5 )) 1 (59)

By Lemma 11, there is o4 > « such that
lim inf Ii)n;DP <T(0) > (60;a°) for all 0 & CI™ (A, Sy /1; 0/2)> =1
n  Pe
Let o/ = min {a/, o} > «, and then (36) follows from

lim inf 1nf P (C[m </\m En/n a) c orm (5\7“ in/n, o/))

n

—hmlnf 1nf P m(0; a) for all O & CT™ (A, 3 /n; o )>

n PepP

/
> liminf inf P < > (0;0°) for all § & CI™(\,, 8, /n; ), ¢t < d7H1 — ﬁ))

>liminf inf P
n PeP

-a) for all 0 & CI™(\,, ﬁ]n/n;o/)>

/
+liminf inf P (@t <ol - 3)) 1

2
> lim nf jnf P (T(e) > ¢°(0; a°) for all § ¢ CI™ (N, S, /n; 0/2))
/
+ lim inf inf P (ét <o (1 - ﬁ)) —-1=1
n pPeP 2

Step 2. I show (37) with 6,, = 6, — 7= Note that by (36), there is @ > « such
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that

lim inf P, (en g Cm (&n, S /n; a)) .y (en ¢ o (xn, S /n; a))
> lim inf P, (en el (xn, S, /n; a>> _ P, (en ¢ O[5 (Xn, $a/n: a))

> lim inf P, (T(@n) € <<1>—1(1 - %/), (1 — %))) (60)

Under P,, we can show that there is a subsequence P, such that (77), (78) hold

and

T(@n) LNy L max{rglilrgl{Zb—F}\b_Fﬁ}, min{—Zb—S\b—i}},
E

Op beB Op
where

Vo = 00) 0.

an Op -

P(T* € (61,02)) > 0.

To do so, let b* be the element with largest variance, i.e. o+ > maxycz 0y, where
B={beB:)cR}.
Note that we have Ay, = 0, thus B # (). Then

(T" € (c1,¢2))

Cco > Zb*‘{’;\b* +Ui 201,Zb+;\b+§ ZCl,bEB\{b*})
b* b

=P (CQ > Zb* + S\b* + i > ClyEb > C1 — Pb*be* — j\b - i,b € B\{b*})
* Op

_ K — K — K —
Cy > Ly + Np= + >c,Ey >0 — Ny — P |ppl(c1 — Ape — 0—)75 € B\{b*}>
b*

( b
(

- K
CQZZb*—F)\b*—i—O_ ZCI)X
b*

P (Eb > 1 — N — | po

(Cl — S\b*) — (% — |pb*b

) Uib*,b c B\{b*})
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where E, = Z, — p(b, b*) Zp-. There is k € R such that

P (Eb > 6= R ol (6= Aw) — <0b o b|) Kope B\{b*}> 0

and therefore
P(T* & (61,02)) > 0. (61)

(37) follows from (60) and (61).
Part II. Large Bounds. I first show (36). By Lemma 12, there is o > « such
that
O/
lim inf inf P (at <o '(1-— —1)> =

n n

Let o = min {a},2a°} > @ and ¢; = &71(1 — %/) I show that

e myi & 3 Oup ) _
hmnlnf 12fP (0 ¢ CI™(\, 3, /n,a) for all > max Aup + \/ﬁcl) = 1.

The proof for the lower bound is symmetric.

Let ), — oo and k], < Kk,,. Lemma 2 suggests that

linilinfirﬁfP (0 ¢ CI™(\, S, /n, a) for all 0 > maX)\ i/ﬁb ;L) =1

Then I simplify ¢°(0, a¢) for

A u,b (5' b
bc (‘?‘%““b * \/ﬁcl’ mes hus + \/ﬁ“n} |
In this case, under (35),

Meb, =0 _ Ao, = Mup, — 6u,
Zyg, < Bupy = o < S LA (62)

Gop/V/n ~ Uzbe/\/_

Thus, with probability approaching one,

T(0) = 2,; > c, (64)

u,

&, a°) = oL (aCCID <tu71(9, Eu)> +(1—a%)® (w(e, i)u))) .

40



Moreover, (62) and (63) implies that

P (tu,l(e, Eu)) <® ((1 + peu(be, éu)>_1 (Zm + peu(be, Bu)zu,zﬁ)

— & —Zgb‘_Z“b“ +2,; | &o.
1+ peu(be, by)

Therefore,
&(0,a°) < 1 ((1 —a)d (tw(e, zSu))) to(l) < e wopa. 1,
where the last inequality follows from o’ < 2a°. Thus by construction,
&0,0) < ¢ <T(0),

and 0 is rejected.
The proof for (37) is similar to Part I Step 2. O

Proof of Theorem 3.

Proof. 1 show the results with 6,, = minyep A¢p, — \'}—/%a. By Lemma 2,

liminf inf P <0gn g Ccr™ <)\n,2n/n a)) = 1. (65)

n—oo PeP,

YKHS23 confidence interval has form

lmmln \/ Q nmln_ nrmn;p mmax M Q nmax_ nmaxvl_ﬁ>:|7

with 5\;';7“ calculated by empirical bootstrap, 5\m7g’b calculate by a subsample of
size m,

~ s o s Cu
)\m,min = min )\mﬂ by )‘n min — 11111 )\n,&ba A

beB " : beBB m,min = min \; gLy

beB

popte [%, oc]. The upper bound is defined symmetrically. Note that
P (9 ¢ CJYKHS <5\n, f]n/n a))

(9 <)\mm1n \/762 nmln_ nminaﬁ))
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+P (en > Ao = 4 2Q" (M e = s 1 = p))
=P (Q" (VA (Nmin = Aanin) ) < VA = ) (66)
+ P (@ (VA = A 1= D) > Vil (sanas = 0a)) - (67)
As for (66), note that

m<5\m,min_9n) = \/E<5\m,min - )\Z,bg) + \/%()\f,bg - en)

= V(A min = Aep) +0(1) % min Zoy + 70,
where 775, = lim,, v/m (Amp — Arp,), and the limit distribution is continuous. Thus
(66) = P (@ (Vi (X in = Ananin) ) < Vil hmanin = M) ) + o(1).
Similarly, if v/m(Aup, — 0n) € R, we have
(67) = P (@ (VA e = Manan): 1 =) > Vi = M) ) +0(1) (68)

with similar argument. If \/m(A\,p, — 6,) — 00, (68) still holds since both side of

the equation is o(1). In sum, we have
P <9n ¢ CTYKHS <5\n, ﬁ]n/n;cw)> =P (Af,be ¢ CTYKHS (Xn,i]n/n, a)) +o(1),

thus by Theorem 2(d) in YKHS23, it holds that

lim sup sup P <¢9n ¢ CTYKHS (5\”, in/n; a)) < a. (69)
n P
(65) and (69) complete the proof. O
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Online Appendices

B Auxiliary Lemmas

Lemma 2. (\/n Convergence Rate) Suppose Assumptions 1, 2, 3, 4, and 5 hold.
For all € > 0, there is K € Ry such that

. . R i
lllrhmf;)rel%P(CI - {Hg—%,ﬁu—l—%}) >1—c.

Proof. It suffices to show that there is K € R, such that

. R K
liminf inf P (T(@) > ¢"(0; ) for all § ¢ {6’5 ——,0,+—=| ]| >1—c
NLD Vn

n PepP

Following similar argument in Lemma 3, there is subsequence P, € P such that

N . 2 Am (. _ K _R
hmnlnf JygDP (T(@) > ¢™(0; ) for all 0 ¢ [@g \/ﬁ’eu + \/ﬁ})
. T Am (). _ R_ _R
_111151 P, <T(6’) > ¢ (0; ) for all § ¢ {94 T 0. + \/a_n]>

and X(FP,,) — Y. In addition, note that

n

P (7100) > e(0:0) forat 0.2 61— .+ | )

Y
aTl

A K
> P, (T(G) > ¢™(0;«) for all < 0, — )
Vn

n

+ P, (T(a) > @(¢;a) for all § > 6, + \/ia_n) 1

Therefore, it suffices to show that for all € > 0, there is & € R, such that

r, (T(e) > #M(6;0) for all 6 < 0 — — ) S (70)

NG

The proof for the upper bound is symmetric. In the following proof, I use n for

subsequence a,, to simplify notation.



First, I show that for all € > 0, there is k; such that

liminf P, (A, (k1)) > 1 — %, where (71)
An(Ry) = {T(Q) =Z,;, > o ) for all 6 <6, — K—\/l_} .
: n
To see this,
Pn ( n
=P, ( Z,, Zun 2 > 1= 2 forall g < 6, — 2
=In szgz? u,bs 24 h, 9 or a 14 \/ﬁ
a—1 K1
an(Z” >Zubua Eb > ¢ (1 T), fOI'aHOSQZ—%)
j‘eb Ao K1 O — Aup K1 5‘413 — N K1 a—1
2P | > e > 0T (- — )
< 0“[/\/_ O-ebg Oupa /NI Oup, UZ,Be/\/ﬁ Gy, 2
Pn 1 )_1 <8u - 5\u,bu i AK,IA)@ - AZ,@@)
B Uzz; Uu,bu Gup, /1 Ueyég/\/ﬁ

_ N _ a—1 ?
k1 > UZ,BZ(I) 1( 5 ) — \/ﬁ()‘e,z}g - Az@))-

The existence of &, follows from

Vi (0= M) = 0p(1), Vi (As, = Ags, ) = Op(D),

Second, if minyep pgu(g, b) > —1, there is £ € (0, 1) such that peu(D, by) >&—1
with probability approaching one by Assumption 1, 2, 3, and 4. Then, for all
e > 0, there is M € R such that

liminf P, (B,) > 1 — %, where B,, = By, U Ba,, (72)

By, = {rggélpeu(be,b) = —1} ;

. 2 ~ 2 71>\ub _j\ub —
By, — b, b —1,(1 ub,bu> Auby — Awby
2 {rblgélpgu ) + Pealb b Gupa [V T }



because

lim inf P, (By, U Ba,)

=1 — liminf P,
>1 —liminf P,

>1 — liminf P,

and the existence of M follows from

min py, (be, b) > —1, (1 + ﬁfu(l;éabu)>

beB
. 2 1 )\ub 5\ub
w(be, b) > —1, —_—
min pe (be, b) > YN
1 )\ub _S\ub ~
= | Zwbe  Zwb | N
5 Uu,b/\/ﬁ )

)‘u,bu_)‘u,bu

-1 )\ubu _

)\u b 7
—>M

>M>

= 0p(1).

a"u,bu /\/ﬁ
By similar argument in (71), there is kg such that

limninf P, (Cn(R2)) > 1— %, where (73)
O, (fg) = {T(e) > 7 for all 0 < 6, — %} , (74)

7 is defined in Lemma 6 with M given above (72).

In sum, let & = max {R1, ko, 0},
D, = {T(en) > (6, %) for all § < 6, — R/\/ﬁ} ,

we have

lim inf P, (D,)

> lim inf P, (A,(7) O B, 0 Co(7) 1 Dy)

=liminf P, (4,(%) O B, 1 Co(7))

> liminf P, (A, (8)) + Py (By) + P (cn<g))—2z1—g.

where the equality follows from Lemma 5: the three assumptions in Lemma 5 hold
because (i) & > 0, (ii) A,(R), (iii) B, N Cy(k). The last inequality follows from
(71), (72) and (73), and thus (70) holds. O



Lemma 3. Under Assumptions 1, 2, 3, 4, 5, to prove that

limsupsup sup P (6 g CI™ (5\”, i]n/n; a)) <a,

n—oo PeP 96[91)7@,9})7”]

it suffices to show that we have

limsupmax {P, (E,U{E,, N E,}), P, (E, U{E, NE})} <a—n, (75)

n—o0

for all sequence {P,} € P> = x

n=1

P,, with

Ey, = {T(@k) > 5m(9k,é}n)} , Cp =inf {c >0:p (c, Ap, f]n/n> +n < oc} ,
(76)
and P, satisfying

1. The convergence of €2,

Q(P,) = Q € S; (77)

2. The convergence of

/\p Zb_ek Qk_/\P u,b
(Anets M) = (n—) ; (—n) — (Ake, Mew)s (78)
0Pt b/ VI ) hep \ OPuup/ VI ) hep

with >\M € AO; )\uu € AO; )\Zuu )\muu )\m€7 )\uf € A,,
_ Bl . _
AO—{AE [0, +00] .Igélémb—O}

A= {/\ € [—00,+00]P : min A, < 0} .
beB

Recall that ¢™(0,c; ) is defined in (26) and p (c, )\pn,in/n) is defined in (29).

Here I omit P, in Op, 1, and o in E™(0, ¢p ;) to simplify notation.

Proof. There is always a subsequence {n,}, {P,,,0,,} such that

limsupsup  sup P<9 ¢ Cfm(j\n, 2n/n, a)) =lim P,, (Hna ¢ C[m(j\na, f)na/na; a)).
] fta

n—oo PepP GE[QP,A@)GP,’U,

Since S defined in Assumption 3 is compact (e.g. in the Frobenius norm), and

Assumption 3 implies that Q(P,,) € S for all n,, there exists a further subsequence

a

4



{n,} C {n,} such that
lim Q (PnT) — Q() €S.

r—00

Also, note that the set [—oc0, +00]'®! is compact under metric d(, A) = H@()\) —®(\) H
for ®(-) the standard normal CDF applied elementwise, and |[|-|| the Euclidean
norm. Therefore, there is a further subsequence {n;} C {n,} along which (78)
holds. We have found a subsequence n, such that (77) and (78) hold. Therefore,

limsup sup sup P (6’ g Ccrm (Xn,f]n/n; a>) = lgsn P,, (8% g Ccrm (5\”5, f]ns/ns; a)) )

n—oo  PeP 0e[0,,0.]

With slight abuse of notation, in the following equations I use n for subsequence
e:
P, <9n ¢ Crm (Xn, /1 a>>

<P, <9n ¢ O (xn, S /n; a) Ap, € An) + P, (Apn ¢ An)

< max {Pn ([9@, 6, ¢ CI™ (Xn, S /n: a) Ap, € An> ,
Py (10m: 6 € CT™ (3 Sufmsa)  Ap, € A ) } 4 Po, (Ap, € )

<max{ P, (T(6:) > @(0;0) or {T(6) > & (0n; @) and T(6) > ¢ (0:0) | Ap, € An)
Py (T(02) > & (03 0) o {T(0) > & (O ) and T(0)) > ¢ (050) } A, € A ) }
+n+o(1)

<max {P, (B, U {Ey N E)), Py (Bu U{EnN E )} +1+o(1).

Recall that ¢' is defined in (30) and ¢}, is defined in (76), thus the last inequality
follows from the fact that ¢, < ¢ if Ap, € A,. Therefore it suffices to show

(75). O

Lemma 4. Under Assumptions 1, 2, 3, 4, 5, sequences (77) and (718), if
min A, € R, (79)
it holds that

(70r ) EOr, 000%)) 5 (T e (80)

k=¢m,u



If

min Aoup = —00, (81)

it holds that

(7(05,4)¢(0p,0009)) 5 (Tescf)p (82)

k=t

and for all c € R
f}(fﬂ%%m)zc>—+0. (83)

Proof. Note that

HP L /\P u,b
lim v/n (Ap,ep, — APy up,) = imminop, , p—"——"=2 = min 0, pAeup  (84)
n n  beB O-Pn,u7b/\/ﬁ beB

Thus the two cases in (79) and (81) correspond to whether the length of the
identified set of 6 is large asymptotically. I will show (80) under (79) in Step 1
and 2, then show (82) and (83) under (81) in Step 3.

Step 1. Show that under (79),

(Z;E(HPn,k>» bu(0p, 1), T(0p, 1), ® (te(0p, 1, Bre)) @ (£ (0p, s Bku))>

s bkt bk, Ty @ (tre(Bre)) , @ (tru(Bru))) k—tm.a

k=¢{m,u

where fg, ty is tg, t, in Lemma 1 with ¥, replaced with f]n/n,

trr (Brir) = (g 1(b), tkk’,2(b))b63kk,
ti (0p, s Briw) = (tw,1(0p, 1 0), o 2(0p, ki, b))begkk, , ke {lu,my, k€ {4, u}.

Ly is defined in (41) and By, By are defined in (40).
Step 1.1. Note that

i Ao — Or, i — A
T(0p, r) = max {min 4 Dok i 2k ,b}

beB &g’b/\/ﬁ ’ beél 5-u,b/\/ﬁ

. )\E,b_APn,Z,b OP,.Lb . )\Pn,u,b_)\u,b OP,,ub
= max { min + An kb, Min + Ankub

beB, &g’b/\/ﬁ (3'@71, beBy 6%1,/\/5 6u7b
w.p.a. 1 . )\z,b — /\Pn,e,b OP,.0b . >\Pn,u,b - )\u,b OP,,u,b
= " max < min —- + A ke, Min —— + — Ankub
beBre  Opp/\/M Gop VB Gup/ /N Tub



bEByyp

i) max { min Zg,b + )\kﬁ,ba mein Zu,b + )\ku,b} . (85)
EDku

The first line is by definition, the second line simply rearranges terms with A, x5,
An.kup defined in (78). To see the third line, note that by Assumption 1, 2, 3, 4,

we have

5\e,b — AP0 AP, up — 5\u,b (UPn,e,b) (UPn,u,b> (86)
Gop/ /N beB’ Gup/ /1 beB’ 60p Joes \ Oup /e

4 (Ze, Zu 1op)) -

In addition, for b € B,\Bys, Arep = 00, thus with probability going to one,

~

C Ns— 0Pk N, —Op ke Aewy — APouby . Aeb— APoib  OPyib
min A

- < — < — < — + — K0,b
beB O/ Guop, /N Guop, /M Gop/\/n Gop

Anjep 18 defined in (78). Thus asymptotically, we can ignore B,\Bj,. With the
same argument, we can replace B, with By, in the second part. The fourth line
follows from (i) (86), (ii) Slustsky’s Lemma and (iii) the limit distribution is well

defined because

Ap,eb — 0,k APy tby = APyube  MiNpep 000 pA b

Ak = liin —Usz,b/\/ﬁ > li7rln ey Gort eR, (87)
Apwy = lim Op. 5 — APuup > lim APty = APyby _ MiNbeB 00.ubAub R
’ n Op,up/ VN n TP/ V1 00,u,b
Step 1.2. As for ® (53,1(91@,5%0), let b € By, If Igg;lpgua?, B) = —1, then
® (tge1(b)) = 0 by construction in (41). Note that Ibréiélpgu(b, b) = —1 implies
Agp = —aA, j for some a > 0, thus Ibrleig,lﬁgu(b, b) = —1 for all samples, thus with

probability one, ® (fg,l(Hk, b) = 0, and the convergence is trivial. Then consider
minpg, (b, IN)) > —1. By (87) and the definition of By, we have Ay, € R, and thus
beB

D (tp1(0k,0))

. ) N\ 4 Oub . = 5 Oub

u,b Ovb

~\ 1 ~
i) min ® ((1 + pgu(b, b)) (Zu,B + )‘ku,i) -+ pgu(b, b) (Z&b + Ak&b)))



= ® (tre1(D)) -

Thus
® (tg1 (01, Bre)) % ® (teea (Bre)) - (88)

This argument also applies to @ (tp2(0k, Bie)), P (tu1(Ok, Brw)), P (tu2(0k, Biu))-
Step 1.3. Let
g(X,)Y)=1[X <Y].

For bl,bg S Bkéa bl 7& b27
P (Zopy + Moty = Zoby + Meepy) = P ((Aryy — Avpy) Zs = Mtoy, — M) = 0,

following from Ayp, # Arpy, Zs ~ N(0,€0), Qo non-singular and Agp,, Akes, € R.
Thus
9 (Zop, + Metvrs Zopy + At ps)

is almost sure continuous. Thus by continuous mapping theorem, it holds that

9 (Zopys Zoby) 4 9 (Zopy + Metprs Zopy + Nktps) - (89)
Similarly, we have

9 (Zupys Zopy) 4 9 (Zuby + Newbss Zoby, + Netpy) - (90)
Then consider by € By, and by € By,,. (1) If Agp, # Ayp,, similar argument holds,

9(Zepys Zupy) t 9 (Zop, + Mrtvrs Zupy + Meups) s (91)
(i) if Agp, = Ayp,, then

9 (Zobys Zubs) = 9 (Zopy + Metbrs Zuby + Mkupy) = 1

for all samples, thus the convergence holds trivially. The convergence in (85), (88),
(89), (90), (91) holds jointly.
Step 2. Then I show the convergence of ® (¢°(0y, a)).

® (¢°(0k, )



= ((1 — Oé)q) (tgyg(&k, B@)) -+ ad (tgyl((gk, 8@))) 1 |:Z€,54 2 Zu,Bu:|
+ (1= @)@ (tua(Bh b)) + 0@ (81 (00.5)) ) 12,5, < 2,5, ]
= > 120, > Zupes Zo < ZeBins Bube < Bubib) X

b1E€Byp b2€Byy

((1 — Oé)q) (tg’g(ek, bl)) -+ ad (t&l((gk, b1>>)
- Z Z 1 [Zé’bl < Zubys 2t S Z20Bu\b Zuby < Zu78ku\b2] X

b1€Byg ba€Byy,

(1 @)® (420, b2)) + 0 (1 (6r. b)) wpaa. 1
In addition,

1 (200 = Zupys Zopn < ZiBrivns Zube < ZuBro\bs]

=9 (Zubys Zeny) H Q(Zf,blazg,z}l) H g(Zu,bzaz%im)
l~71€BM\b1 I;QEBku\bg

1 (200, < Zupes Zobr < ZiBu\brs Zubs < ZuBro\be)

- [1 - g (Zu,b27 Z&h)] H g (Zf,bu Zf,fn) H g (Zu,by Zu,Eg)
b1€Bre\b1 b2€Bry \b2

Since all function are almost sure continuous as discussed before, we have
P (& (0, @) % (¢ ()

following from (88), (89), (90), (91).
Step 3. Now assume (81) holds. We can show that

~

<8£(6Pn’k); Z;u(epn,k% T<8Pn,k)7 q) (-EZ(QPT“IW Bk@)) ) q) ( u(ePn,ka Bku)))

s (bt bk, T, @ (tre(Bre)) , @ (tru(Bru))) i

k=Clu

with similar argument as Step 1 and 2. Regarding (83), note that

T(e ) . ;\E,b - Qm . Qm - ;\u,b
») = max { min ————, min ———=
beB Gyp/\/n bEB Gup/\/n

Mew, — 0,0 0, — \,
< max { 4.be bu }

Gope/ VN Gup, /N



. S\Z,bg - )\E,be O¢.b, >\£,be — O, )\u,bu - 5\u,bu
= max — —+ — , —
Gon /NN Oep, Oon /NN Gup/Vn

By (81), (84) and 0,, = (6, + 0.)/2,

Aoy, — 0 O, — A
lim 2427 — ) lim 22 L

noogp/Vn n o Oup /N

Thus it is easy to see (83) holds.

Lemma 5. Assume that (i) 0 < 6,; (i) n € [0,a/4),

. a—n

T(0) = 2,;, > (1 -

)i

(iii) either
min pg, (be, b) = —1,
beB

or

~

L Aub, = Aub,

o e <M
O-beu/\/ﬁ ’

(1 + ﬁeu(i?e,bu))

() > z,

Ou,by, em - )\u,b}

+ =
Ou,by, O-u,bu/\/ﬁ

(92)

(93)

(94)

where M € R, % is defined in Lemma 6 with M given in (93). Then

A

7(0) > &™(6, a®).

(95)

Proof. Note that ¢* < ®~(1 — 251) by construction, thus under (92), T(0) > ¢

and (95) is equivalent to

~

T(0) > (0, a°).

If min; g peu(be, b) = —1, then

(96)

&(0,a%) = ¢! ((1 —a)d (tm(e, m)) <O(1-a%) <P - %).

In this case, (96) holds trivially. If min;_, peu(be,b) > —1, we have

t01(6,by) = min <1 + pra(be, 13)) o (Zu,a + pru (b, 5)%,@)

beB

10



s (0= Dup, .
+ poabe, bu)> s Pea(be.bu) 2y,

o -1 )\u . — )\u, . oA
1+ pgu(bg, bu)) (a’_bb—/\/ﬁb + peu(bz, bu)Zm>

with H(z, M) defined in Lemma 6. H(Z,;,, M) > 0 follows from (94) and Lemma
6. [

Lemma 6. Let

H(z M) = 3() — a“® <M + 1z> —(1-a®).

[\

For all M € R, there is some Zy; € R such that H(z, M) > 0 for all z > zy;.

Proof. Note that

4 0y (1 % (%zz _M_ E)) |

dH (z,M

and thus there is Zp; € R such that = ) <0 for all z > Zyr. Also note that

lim H(z, M) = 0.

Z—00

Therefore, for all z > z);, we have H(z, M) > 0. ]

Lemma 7. Let o € (0,3), a® € (£,), n € [0,2). Recall that ¢*™ = ®~1(1 — 9).

11



Let

A
H(QAap):(I)Q(_C?A_C;p)_'—(I)(_E_C)7 (97)
ps(a,m) = sup {p csup H (¢ A, p) < a— n} : (98)

pe(—1,1) A>0

For all £ > 0, there is ¢ < c*™ such that
sup  sup H (¢,A,p) <a—mn. (99)
p<p3(am)—§ A>0

1

Proof. First, we can check numerically that for a € (0, 3),

SAIQ?)H (Csim7A’O) = SAUZ% %(I) (A — Csim) + ) (_% . Csim) < ;La < a— n

and thus pj(a,n) is well defined.
Second, I show that for all ¢ € (0, ¢™], it holds that for all |p| < 1,

sup H (¢, A, p) = sup H (¢, A, p) (100)
A>0 A€[0,A]

where A = 2¢8™ +  /4(c5™)2 4 8/310g(2). The first order derivative gives that for
all A > A,

dH (c,A,p) (p—1)c—pA 1 3
Y d(A —c) [q) (1——p2> — 5 exp <§A(A — 40))]

< ¢(A —¢) [1 — %exp <§A(A — 4csim))] <0.

Therefore, (100) holds for all ¢ € (0, ™).
Third, let p = pi(a,n) — &£, and by construction,

a—n > Supﬁ H (CSim7 A? p;(Oé, 77))
A€[0,A]
= sup H (CSim,A,ﬁ) + dH (C 7A7P(A))
A€[0,A] dp

> sup H (cSim,A,ﬁ) + a& (101)
A€[0,A]

§

12



where

dH (5™ A, p . ,
a = inf (cd ’ ,p) = inf ) (—csm, A — cS"“;ﬁ) > 0.
A€ 0,A] P A€ 0,A]
p € [p, p3(a, )] p € [p, p3(a,n)]

Rewrite (101) we get

sup H(CSim,A,ﬁ) <a-—-n-—a.

A€[0,A]
Lastly,
dH(C,A,p) (P—l)C—Ap Cp—C+A A
= A—c)® —d(—c)® _
- H(A—c) ( —" |0 (L = ) -o(-5 )
o dH (¢, A
b= — inf (Cv 7p) < 0.
pe[0.05 ()] c€[0,c5m], A€[0,A] de
Choose ¢ = ™ — ;—i, and then for all p < pi(a,n) — &,
i dH (¢(A), A .
sup H (CSHH,AHO) = sup }I(E7 A’p) + (C( )7 ap> (Csun - 5)
A€[0,A] A€[0,A] de
> sup H (¢, A, p)—b(™ — o). (102)
A€[0,A]

In sum, for all p < pi(a,n) — &, by (100), (101), (102),

sup H (¢, A,p) = sup H (¢, A,p) Sa—n—af—i—ba—g <a—n.
A>0 A€[0,A] 2b

]

Lemma 8. Suppose Assumptions 1, 2, 3, 4, and 5 hold. Let o € (0, %), af e
(5,a),ne [0, a’zac). Assume that Ay = A,, and P satisfies that

sup pl(bb bU) < p;(oz, n)v (103)
PeP

where py(a,n) is defined in Lemma 7 equation (98). Then there is o/ > «a such

13



that

/

. dco11- YY) 1
hmnlnf lygDP (c <o (1 5 )> 1 (104)
Proof. Let

1 *
e= 3 (o) —sup il ) >0,
PeP

and it is easy to see that n < a_QO‘C < 5. Therefore, by Lemma 7, there is

¢ < ®7'(1—9) such that (99) holds. To show (104), note that

. . . ~t < _ > . . . s - < .
hmnlnf Igrelng (c < c) > hmnlnf ]13r€1;)P (izlzp(c,/\, Y./n) <« 7])

> liminf inf P (supﬁ(é, A, f]n/n) <a-— 77)

n pPepP AEA

Recall that

(e N, 2n/n)
— max {P ( P(0,) > & (6,,) V {T(@m) > (O, 0) AT (00) > (0, a)} LN, 2n/n))
P (T(eu) > &(0,,8) V {T(em) > & (0,0, ) AT(00) > (00, a)} LN, in/n))}
< max {P ( P(0,) > & or T(0,,) > & N\, Zn/n)> ,
P (T(em) > cor T(0,) > & N\, Zn/n)>}

Thus it suffices to show that

sup P (T(@Z) > ot T(0,,) > & N\, in/n)) <a—nwpa l, (105)
AEA

The proof for the upper bound is similar. To see (105),

P <T(9g) > cor T(0,) > & N(\, f]n/n)>

<P . 5\5—95 . em_j\b
max § min ———, min
- beB Gy /\/n’ beB Gp/\/n

} > N(, f]n/n)>

N =0 N =0 - O A
<P | min { =~ , >c, or ——2 >¢ N\, X, /n
- {Ube/\/ﬁ Ubu/\/ﬁ} G,/ v/ 2/ )>
eu_eé _ Qm_eu _
=P i Ty, . 7, _— /4
(mm{ b bu+&bu/\/ﬁ}> N bu>c)

14



9u 05 Qm_eu _
<P\ Z 7 P — 7
<P (25 2 )+ r G >e)
QU—QZ N em_eu _
= (¢ — & pralbe,bu) | + @ ( = -
(C’ébu/\/ﬁ 6 Prulbe )>+ (%/\/ﬁ )
A
S(I) (_57 A - Ea ﬁéu(b&bu)) + @ (_5 - E)

=H (¢, A, pe(be, bu)) (106)

where (Zs,, Zy,) ~ N (0, [1, pe(be, bu)); pe(be, b)), 1], A = 727% > 0, and H(c, A, p)
is in (97).
Under (103) and Assumptions 1, 2, 3, 4, and 5, it holds that

pe(be, by) < pi(a,m) — & w.p.a. 1.
Thus (106) gives that w.p.a. 1,

P (T(@e) > cor T(6,) > &N, i)) < H (@A, polbe, b))

< sup supH(¢,Ap)<a-—n
p<p3(an)—£ A20

where the last inequality follows from the construction of c. m
Lemma 9. p(c) in (43) is continuous at ¢ > 0.

Proof. For ¢ > 0, let
pr(c,e) =P (i (c) > Ty > c(c—¢) < Plc—e< T, <c).

Then

lim p(c,e) =0
e—0

for all ¢ > 0 since (i) under (79) and k = ¢, m, u, or under (81) and k = ¢, u, T}, is
continuously distributed, (ii) under (81) and k = m,

Plc—e<Ty,<c¢)<P(c—e<Ty) =0.
But then with Ej(c) = {P(T} > ¢*(c))},
plc—¢) = p(c)
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< max{P (Eyc—¢)or {E,(c—¢)and E,(c—¢)}) — P(Eic) or {E(c) and E,(c)}),
P(E,(c—¢)or {En(c—¢)and Ey(c—¢)}) — P(E,(c) or {E,(c)and E(c)})}
< pe(e,€) + Pmlc€) + pule,€) 0.

Thus p(c) is continuous at ¢ > 0. O

Lemma 10. Let

H(p,a) = (1 =)@ ((1+p)=) +a“®((p - 1)3), (107)

[ (e
“\/2plg< ) e

It holds that

1. for all o € (0,3), a® € (£, a), there is a unique solution pi(c, a®) € (0,1)

such that
H (pi(a,a),09) = 1= 3. (109)
2. Let £ > 0. There is € > 0 such that for all p € [0, pi(a, a¢) — &],
a
H(p,a®) <1-— 5 €& (110)

Proof. Straightforward calculation gives that for all p € (0, 1),

() o

2

dH(p.o) o )((1—a0>(p+1)>‘“45>

dp VAEplp+1 ac(1 - p)

In addition, note that

o 1 (1-a)1d+p)\ _
iﬁ%“‘iﬂ%\/%k’g< wl—p )

16



thus

1 a’ «
1. H CIl— ¢ —Czl——>1__
lim H{p,a°) = (1 — of) + 7o 5 5’
. c\ __ _ A% — _ n° _g
ll)gr(l)H(p,a)—(l ay=1—-a<1 5

where the inequality follows from a® € (§, ). Since H(p, a®) is strictly increasing
in p € (0,1), there is a unique solution p* € (0,1) that H(p*,a) =1 — ¢.
(110) holds trivially with ¢ =1 — § — H(pj(a,a®) — &, af). O

Lemma 11. Suppose Assumptions 1, 2, 3, 4, and 5 hold. If Ay = A, and

in py(by, by) < p* (v, af 111
i‘é%%???i?é%pf( 1, b2) < pi(a, ), (111)

where pi(a, a®) is defined in Lemma 10, then there is o/ > « such that
lim inf inf P (T(@) > ¢%(0; ) for all 0 & CI™(A,, 5/, o/)> —1.  (112)
n €

Proof. Let

1 . % c . * c
€= 5 win {pl(a,a ) — ilég%?gé(g?é%pg(bl,bg), pi(a, a )} > 0. (113)

By Lemma 10, there is ¢ > 0 such that H(p,a¢) <195 —¢, with H(p, a°) defined
in (107), for all p € [0, pj(a, a®)—=¢]. Next, I show (112) for o' = min{a®+§, a+e}.
Consider 0 ¢ CI™(X,, 3, /n, o). Denote

0
Gop/v/n’

Without loss of generality, assume that

Z Zop=—2y, Zup = 2.

T(0) = 21 and p1y = pe(1,2) < pia,a®) = €.

The inequality happens with probability approaching one. In this case

: s\ 13 61221 — 2
fu1 = min (1 + pe(L, b)) (ZM + (1, b)zu,l) P
vep 7 L+ pro
~\ L 5 Z 5.z
tuo = min (1 — pe(1, b)) (zu,; — po(1, b)Zwl) < 227 Prsn



0 is rejected if
O(Z1) > P(c°) = (1 —a)P (ty2) + D (tyu1) -

By construction, Z5 > Z, thus it suffices to show that

®(Z;) > sup G(z) where (114)
22221
Z2 — P22 p1221 — Z2>
Glzn)=1-a)| ——F— | +a®( ———F—|. 115
() = (1o (2025 ) e (P22 (115)

The first order derivative of G(z2) with respect to zy is

g(z2) = 1-af 6 (Zz — ﬁlzzl) af 4 <ﬁ1231 - 22) ‘

1— p1o 1 — pr1o _1+[312 1+ p1o

g(z2) > 0 is equivalent to

1—a®1+p 25 — Zip10)?
log( « 4‘012)Z P12 (22 1/)12). (116)

at 1—pr (1- ﬁ%z)z

(i) If 2a° — 1 < p1a <0, then (116) holds trivially, and thus

sup G(z2) = lim G(z) =1—-a° < ®(2),

22 221 22—00

and (114) holds. The inequality follows from 1 — %/ >1—af
(i) If —1 < p12 < 2a° — 1, straightforward calculation shows that G(zq) de-

creases in [max {Z, 23}, 23] and increases in [z, 400), where
% = pray + (1 — ph)VE.
and = is defined in (108). Thus

sup G(zg) < max{G(Zl), lim G(Zg)} <d(Z).

29>21 22—00

(iii) If p12 € (0, p*(a, %) — g), straightforward calculation shows that G(z9)

18



increases in [max {21, 23}, 25| and decreases in [z}, +00), thus

sup G(z9) < G(z3) =1 —=a)P((1+p)=)+aP((p—1)=5) < P(2)

22221
The last inequality is by Lemma 10. O]

Lemma 12. Suppose Assumptions 1, 2, 3, 4 hold, and P, satisfies (35). An is

defined as in (32). Let a € (0,3), a® € (%, ), n € [0,25%). Then there exists

o' > « such that

/
liminf inf P (ét <o (1 - —)> =1
n  PeP, 2

Proof. Consider P, € P, satisfying (78) and (77). I show that there is & > 0 such
that

sup ﬁ(CSim> A, XAln/n) <a—n-—§w.pa. l (117)
AeA,

Then since supy¢z, ple, A, 3, /n) is continuous in ¢, there is ¢ < ™ such that

sup p(c, A\, B, /n) < o
pY

and the conclusion holds with o/ = 2(1 — ®(¢’)). To show (117), I consider two
cases.
Case 1: n =0 and thus An = A. By definition,

Ble, A X)) < max {P (T(eg) > (0, ¢) or T(0,) > E (01, c): N, z)) ,
P (T(eu) > (0, ¢) or T(0) > & (O, ) NN, z))} . (118)
Therefore, it suffices to show that there is £ > 0 such that

sup P (T(eg) > (B, &™) or T(0,) > & (O, ™) N, in/n)) <a-—¢
AEA

and same argument applies to (118). To do so, let

(A ™) = sup P (T(ez) > (B, &™) or T(0,) > & (O, ™) N, z))
(A2)eD(A)

0 — 0, . Aoy — 0O . Ou — Aup
“ =/, min 2 =A,, min — 2 =A;.
O by biAgpFAep,  Opp b: Ay b #Au,by Oub

D(A) = {(A,E) :
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If {b: App # App,} =0, then Ay = oo. Same for Aj.
For A1 =0,0,=0,=0. If 0 < Ay, Az < 00,

p(0, Ag, Ag; ™)

A

= o P (T(e) > &(8, ) N, 2))

(\2)eD
v —0 0 — A .
< sup P [minZ2 >N Y) | + P | min LN SN Y)
(AE)eD(A) beB  Oyp beB  Oyp
Mew, — 0 Aoy — Moy .
< sup P [mind 2% el VLAY > SN Y)
(AZ)ED(A) T1,b, Tup
0 — Ay M — Aui .
+P (min{ obu T b by Ag} > AN (A, E)) < a.
Tu,by Uu,l;

In addition,

lim 25(0, Ay, As; @Sim)

Ag 3—00
) L ey, — 0 - 9 — A
= lim sup P <T(0) > @ (0, ™) | T(0) = 22—~ or T(0) = — b A(\, D)
A23700 () %)eD(A) o Ouby

<a* <«

where the second line follows from

lim P (T(e) _ A 6 T(0) = m) = 1.

(Ag,A3)—002 O¢,b, Ou,by,
By the continuity of p(A1, Ay, As; a®™) in (Ag, Az), we get

sup p(0, Ag, Ag; ™M) < a.
AyA3>0

For all A; > 0,

sup 5(A17 A?) A37 aSim>
Az,A3€[0,00)
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< sup sup (T(GZ) S op T(em) > CSim;N()\, Z))
A 2= —p; AR)ED(A)

< sup P <max {min Avo ez,min Om = O + Ou = /\u’b} > N, E))

- beB beB
D)=, € Ieb €5 Oupb Oub
»Yu

Aoy, — 0 . Ay Oup — A
< sup P <—£’b‘ Es pimgp — 2Ly Zwhe = Fu M N, Z))

AE): f,“ b“"f —A, Ot,b 2 Tu,by

<P (N(0,1) > ™)+ P (—% +N(0,1) > cSim) < .

In addition,

: a
lim sup  p(A1, Ag, Ag; 0®™) = = < a.
Ar—o0 Ag,A3€[0,00) 2

In sum, by the continuity of p(A1, Ao, Ag; a*™) in (Ay, Ay, Ag),

sup 5(A1,A2,A3;04$im) <.
A€[0,00)3

It follows that there is £ > 0 such that

sup P (T(eg) > (0, ™) o1 T(B) > & (O, &™) N (N, En/n)>

S sup 5(A17A27A3;68im) S CY—S
A€[0,+00)3

and (117) holds.
Case 2. 7 > 0. There exists k], — 0o and k!, < k, such that

N /{/n
An g An = {)\ : )‘u,bu - )‘f,bz Z %} w.p.a. 1.
Thus
sup ﬁ(cSim, A, f]n/n)
AEA,

< sup max{ T (6,) > ™ N, in/n)) P (T(eu) > cSim;N(A,fln/n)>} w.p.a. 1

AEA,

Mep, =00 O —0, Oy — Aup . -
< _ 5 , = + _ ,0u > Slm;N )\’ Zn ,
Ve { < { Gop /NN Gup, /N Gup, /N ‘ ( /m
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Aoy =00 Or—0, 04— Aup . .
P | max { —* + — , = A > AN YL/
( {Ue,be/\/ﬁ Gtpe/ VI Gup, /1 } (A Zn/ )) }
=P (N<Oa 1) > CSim) +0p(1) = % +0,(1) < a—n w.p.a. L

Thus (117) holds with £ € (0,5 — 7). O

C Union Bounds in Rambachan and Roth (2023)

Consider a simple panel data model with t = =T, ...,T. Let v € RZ+T be a vector

of “event study” coefficients, which can be decomposed as

—T> T
The target object 8 = /7 is the weighted average of the average treatment effect

gpre = (fpre o fgire> grost — (ghost fﬂwt), and 7o = &'° is normalized to zero.

on the treated for post-policy years, and £ represents the bias from differences in
trends.
Under the relative magnitudes relaxation,
’55"0“ p05t| < M _max_ | e — §§T€|.

s+1

.....

The identified set of 6 is (1) with A, = A\, = A0,

1 &l — &
o M|L/L|1T><1:Z’_Z7 ].le [ 1 1 5 —
ML 170 Ty, Ipa | 27 e ore gme
11 -+ 1 [/ ~ypost

Under the second difference relative magnitudes relaxation,

|(ft - ft—1) (ft 1— & 2)| < M max |(§s+1 - fs) (fs - 55—1)| .

,..., 4
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The identified set of 6 is (1) with A\, = A, = A9,

[ L,LMIZ_l, 1(2_1)><1

0= (A_gya, -, Ao, /4P + HE ),
/LMy, 1(T_1)X1] ( T+2 0,7 51)

tt+1) T(T+ 1))’

H—(1,...,T)’,L—(1,3,..., e

Ay = (gt - gt—l) - (gt—l - 5#2) :
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