Inference on Union Bounds

Xinyue Bei*
The University of Texas at Austin

<xinyue.bei@austin.utexas.edu>

October 6, 2025

Abstract

A union bound is a union of multiple bounds. Union bounds occur in a wide va-
riety of empirical settings, such as difference-in-differences, regression discontinuity
design, bunching, and misspecification analysis. This paper proposes a confidence
interval for such bounds based on modified conditional inference and shows that it
outperforms existing methods in a large set of data-generating processes. The new
procedure gives statistically significant results while the pre-existing alternatives do
not in the empirical applications of Dustmann, Lindner, Schénberg, Umkehrer, and
Vom Berge (2022) and Sejas-Portillo, Moro, and Stowasser (2025). I implement the

proposed method in the companion R package UnionBounds.
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1 Introduction

This paper studies inference for a target object partially identified by the union of a
set of bounds, namely, a union bound, and provides a new procedure that significantly
improves upon the existing alternatives. Union bounds commonly arise in empirical work,
for example, in the assessment of the importance of the parallel trends assumption in
difference-in-differences (DiD) analyses. Recent papers such as Manski and Pepper (2018)
and Rambachan and Roth (2023) (RR23) study the relaxation of the classical parallel
trends assumption within a DiD framework. One of their approaches is to assume that
the violation of parallel trends in a post-policy period is bounded above by the maximum
violation in the pre-policy periods. In this case, the identified set for the average treatment
effect on the treated can be characterized as a union bound, where each bound is formed
by the DiD estimand adding and subtracting the violation of a pre-policy year, and the
set is all pre-policy periods. I also discuss applications to regression discontinuity designs,
bunching strategies to identify the elasticity of taxable income, and misspecified models
in Section 2.

In this paper, I provide a general framework for inference on union bounds.! The
main difficulty for inference is that the endpoints of a union bound are non-smooth
functions of each single bound. Hirano and Porter (2012) show that there is no local
asymptotic quantile unbiased estimator. Moreover, Fang and Santos (2019) show that an
empirical bootstrap procedure, in the terminology of Horowitz (2019), is not uniformly
valid. Similar difficulties appear in inference for moment inequalities and directionally
differentiable functions, but the existing methods do not apply to union bounds because
of the different restrictions on the null parameter space. So far there are two uniformly
valid methods. The first one is a simple confidence interval (CI), which is the union of CIs
for each bound. This method can be overly conservative, especially when the bounds are
close to each other. The second one is the adjusted bootstrap procedure proposed in Ye,
Keele, Hasegawa, and Small (2023) (YKHS23). This method involves a subsample so the
CI converges to the identified set at a rate slower than y/n, resulting in trivial power for
V/n local alternatives. RR23 propose an inference procedure for their sensitivity analysis
in DiD. However, the procedure relies on the specific structure of DiD, which overlaps
with but is non-nested relative to the union bound framework.

In Section 3, I propose a modified conditional CI. Loosely speaking, I construct a
conditional critical value exploiting the distribution of the maximum estimated upper
bound (resp. the minimum estimated lower bound) conditional on the second largest
estimated upper bound (resp. the second smallest estimated lower bound). In this way,

the conditional critical value is data-adaptive and sensitive to the binding bounds, which

IThis paper focuses on statistical inference, which differs from the main issue in Manski and Pepper
(2018), who conduct a finite population analysis and emphasize identification level causal inference.



leads to a shorter CI when the bounds are relatively close to each other. However, the
conditional critical value is not uniformly valid, and for that reason, I propose a novel
modification that truncates the conditional critical value from below to guarantee uniform
coverage. The modified conditional CI converges to the identified set at a rate of \/n,
and thus has material power improvement upon YKHS23. T also show that under a large
set of data generating processes (DGPs), the modified conditional CI is shorter than the
simple CI with probability approaching one. I provide the UnionBounds R package to
implement my method.?

In Section 4, I conduct simulations based on the DiD settings in RR23 and compare
the performance of my modified conditional CI to the simple CI, the adjusted bootstrap
in YKHS23 and the hybrid CI in RR23. The length of the median modified conditional
CI is the smallest in most simulation designs and is close to being the smallest in all
designs.® In terms of the length of the median CI, net of median point estimates of
the bound, the modified conditional CI results in a decrease of up to 43% relative to
alternative methods.

In Section 5, I illustrate the proposed inference procedures in two applications. The
first one uses RR23’s sensitivity analysis in Dustmann et al. (2022), who study the impact
of Germany’s 2015 minimum wage. The modified conditional CI is shorter than both the
simple and RR23 CIs across all levels of relaxation and, under the benchmark relaxation,
indicates an elasticity below one, unlike the others. My method gives a breakdown re-
laxation 33% to 66% larger than the RR23 and the simple CI respectively.* The second
application examines honest Cls in Sejas-Portillo et al. (2025), who study the effect of
energy labels on property prices at rating thresholds using a regression discontinuity de-
sign with a discrete running variable. I construct CIs under the bounded misspecification
error assumption of Kolesdr and Rothe (2018). Across all estimation windows, my Cls
are shorter than the simple CIs. Moreover, while the simple CIs indicate significance only

for very short windows, mine remain significant for much longer windows.

Related Literature

Although there are many empirical examples where the identified set is a union bound,
only a small number of inference approaches have been developed, which I discuss next.

First, a common practice is a simple CI constructed based on the intersection union
principle discussed in Casella and Berger (2021) (ch. 8.2.3), see Conley, Hansen, and
Rossi (2012), Kolesar and Rothe (2018), Hasegawa, Webster, and Small (2019), and Ban
and Kedagni (2022), among others. The idea is to first construct a CI for each bound

and then take a union over the set. This guarantees uniformly valid coverage but may

2The latest version of the R package is available at https://github.com/xinyuebei-econ/UnionBounds
3The median CI is the median of the endpoints of the 1 — o CI across simulated samples.
4The breakdown relaxation is the smallest relaxation for which the elasticity CI crosses one.
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be overly conservative. Intuitively, only the CI corresponding to the binding bound is
necessary to ensure validity, whereas taking the union over all Cls inflates the coverage
rate. I prove that the simple CI is wider and has lower local power than my proposal
under a large set of DGPs.

The simple method relates to the statistical literature on testing whether the minimum
of several elements is no greater than zero, which can be framed as a one-sided union
bound problem. Cohen, Gatsonis, and Marden (1983) show that the one-sided version
of the simple test is uniformly most powerful among all monotone level « tests. Berger
(1989) proposes a method that strictly improves the power of the simple one, but inverting
this test yields a disconnected CI, whose convex hull coincides with that of the simple
CI. Additionally, the rejection region is difficult to interpret, see e.g. Perlman and Wu
(1999).

Second, YKHS23 study the relaxation of the parallel trends assumption in DiD based
on a negative correlation bracketing strategy. The resulting identified set for the average
treatment effect on the treated is a union bound. To address inference, they introduce two
bootstrap methods. The first one is an empirical bootstrap procedure, in the terminology
of Horowitz (2019). This method is not uniformly valid and may overreject when the
bounds are close to each other. The second procedure introduces an adjustment term
based on a subsample so that it has uniform asymptotic coverage, but at the cost that
the CI converges to the identified set at a rate slower than /n. This causes material
power loss for a large set of local alternatives relative to my CI.

Third, RR23 propose an inference procedure under the specific structure of relaxation
of the parallel trends assumption in DiD. The main idea is to partition the parameter
space so that each element in the partition can be represented by a set of moment inequal-
ities. RR23 first construct the CI for each element in the partition based on Andrews,
Roth, and Pakes (2023). They then take a union over different elements in the partition
to get a valid CI for the union bound. While the CI for each element is efficient, the
efficiency may not hold after taking the union. In both the simulation and the empirical
application, my CI outperforms their CI when the bounds are not well separated. More-
over, their framework relies on the DiD structure and does not extend to general union
bounds, though it is more flexible in incorporating additional DiD restrictions.

The procedure constructed in this paper also complements other related literature,
such as intersection bounds, directional differentiable functions, and conditional inference.

The union bound inference complements the large literature on intersection bounds
and moment inequality models. Chernozhukov, Lee, and Rosen (2013) investigate in-
ference on intersection bounds, where the target object is in the intersection of a set of
bounds. A leading case of intersection bounds is inference on a parameter bounded by
moment inequalities (see Manski and Pepper (2000), Chernozhukov, Hong, and Tamer
(2007), Romano and Shaikh (2008), Rosen (2008), Andrews and Guggenberger (2009),



Andrews and Soares (2010), Andrews and Shi (2013), and Bugni, Canay, and Shi (2015),
among others). Inference for intersection bounds and union bounds share some similar
challenges, but also differ in important ways: The differences between the target object
and the bounds, scaled by y/n, is an important element for inference, but can not be
consistently estimated. With intersection bounds, the signs of the differences are known,
e.g. the target object is larger than all lower bounds, while with union bounds, the sign is
unclear, e.g. the target object is larger than at least one lower bound. Thus the problem
of inference on union bounds is different from intersection bounds and requires a differ-
ent treatment. The union bound problem can also be framed as a specification test in
moment inequalities. Yet when bounds are close, the constraint qualification (as defined
in Kaido, Molinari, and Stoye (2022)) fails, and existing procedures may not apply. See
Appendix B.1 for a detailed discussion.

My method also sheds light on inference on directionally differentiable functions. A
union bound can be written as the minimum of a set of lower bounds to the maximum of
a set of upper bounds. The min and max operators are directionally differentiable. Fang
(2018) and Ponomarev (2022) study the efficient estimation of partially differentiable
functionals, which are applicable to the estimation of union bounds, but they do not
consider inference. Fang and Santos (2019) propose a novel bootstrap procedure for
directionally differentiable functions. However, their inference procedure requires that the
null parameter space is convex, which does not hold for union bounds.® This paper studies
a specific non-convex null space, but the modified conditional procedure is potentially
applicable to more general settings.

My paper widens the use of the conditional inference technique. There is a growing
literature on conditional inference, see, e.g. Moreira (2003), Kleibergen (2005), Andrews
and Mikusheva (2016), Andrews, Kitagawa, and McCloskey (2021), Andrews et al. (2023),
Andrews, Kitagawa, and McCloskey (2024), and RR23, among others. I use their insights
by constructing a conditional CI that has proper coverage under a subset of DGPs,
and then modifying it with a lower truncation to guarantee uniform coverage. The
modification is a novel contribution that is not used in current applications of conditional

inference. Appendix B.2 provides further details.

2 Setup and Examples

The goal of this paper is to construct a uniformly valid confidence interval for the target

object 6, whose identified set is characterized as a union bound

0 e [inf )\gyb, sup )\u,b:| . (1)
beB beB

®Specifically, the space of A\; and A, under (7) is not convex.



In this paper, Ay and A, are consistently estimable with an asymptotically normal esti-

mator. B is a known finite set. Below I illustrate this setting in different examples.

Example 1. (Difference in Differences). RR23 study a more credible approach
to the parallel trends assumption in DiD. To illustrate, consider a panel data model

t = —T,...,1. Let v € RT*! be a vector of “event study” coefficients, which can be

B ,Ypre B éﬂpre
7= ,ypost - 0+ é’post :

The target object 0 is the average treatment effect on the treated, and & is a bias from

decomposed as

pre

pre pre _ :
§—1> and yo = &, 1s

a difference in trend. Here 6 and £P°%! are scalar, £P7¢ = < T s
normalized to zero. Under parallel trends, (£77¢, £P°') = 0 and thus 6 is point identified.
However, this is a strong assumption that may not hold exactly. One type of relaxation
is to assume that the violation of parallel trends at time ¢ = 1 is bounded above by the
maximum pre-policy trend difference

& — &, (2)

‘gpost_()‘ < Mt:glﬁ%_zl

where M > 0 is the degree of relaxation specified by the researcher. Manski and Pepper
(2018) implement a similar concept with a natural benchmark M = 1 (see their Table
3). Under (2), the identified set of € is a union bound in (1) with B = {1,...,27°}°

P M (VW =) ifb=1,.T,

)\Z,b = )‘u,b = re re .
yPost — M (7§_b+1 - 7%—5) itb="T+1,..,2T.

(3)

In Appendix E, I show that causal effects in other post-treatment periods, or their linear
combinations, also yield a union bound identified set. Hasegawa et al. (2019), YKHS23,
and Ban and Kedagni (2022) study different types of relaxations of the parallel trends

assumption where the identified set is also characterized by union bounds. O]

Example 2. (Bunching and Taxable Income Elasticity). Blomquist, Newey, Ku-
mar, and Liang (2021) study the identification of the taxable income elasticity with
bunching information. Assume that the after-tax income has two linear segments with
slopes p; > po and a kink at K, as illustrated in the left panel of Figure 1. Assume that

the preference is specified as in Saez (2010) by the isoelastic utility function:

Uc,y,&) =c (y/€) 0 &> 0,0 >0,

C1+1/6

%Since the sign of 4”7 | — 4" is unknown, both signs are incorporated into A; and A,. This gives

ming A\gp = VPO — M maxi—_1, 1 |’ij-61 - 'yfm’, with an analogous expression for the upper bound.
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Figure 1: Left: Budget Constraint and Utility. Right: Bunching Interval.

where y is the before-tax income with density f(y), ¢ = y — T'(y) is the after-tax in-
come, # is the income elasticity and & represents the unobservable heterogeneity which
is continuously distributed with density g(¢). Blomquist et al. (2021) show that without
the restriction on ¢(§), 6 is not identified, but we can learn about § with smoothness
restrictions on g(§). Consider a bunching interval [y;, y»] containing the kink K, as in
Figure 1 right panel. Let & = p;%y; and & = p; %y, denote lower and upper end points
for £ that correspond to y; and y9, respectively. Under the assumption that

oy min {9 (fl) 9 (fz)} < 9(5) < 0, max {9 (51) g (52)} for § € [51,52] (4)

for some o, > 1 > g, > 0, the identified set of € is characterized by
S [min Aep, Max )\u,b} NRy
beB beB

where B = {1,2},

log (y_l i P(y1§Y§y2)> —log <£ _ P<y1§Y§y2>>

Y2 F=(y1)ouy2 Y1 FT(y2)ouyt
Aol = 1 ; Ao =
og p1 — log ps log p1 — log py
y1 , PV <ys) _ y2  Py1<Y<y2)
P log <y2 T F=(w1)oey2 > A= log <y1 T (y2)oey >
u,l — s w2 =

) )

log p1 — log p2 log p1 — log p2

and f~(y1) = limyyy, f(y), f* =limy, f(y).” The identified set of 6 is restricted by
R, but if we have a valid CI for 4 satisfying (1), the intersection of 0’s CI and R, is a
valid CI for #. Thus it suffices to consider inference for union bounds. Blomquist et al.

(2021) focus on identification and put aside inference. ]

"This is derived from Blomquist et al. (2021) equation (8), and I assume for simplicity that the terms
in the log are strictly positive.



Example 3. (Regression Discontinuity Design). Kolesiar and Rothe (2018) study
inference in regression discontinuity designs with a discrete running variable. Let D =
1[X > 0] be a treatment indicator. Let Y (1) and Y (0) denote the potential outcome
with and without the treatment, and Y = DY (1) + (1 — D)Y'(0) denote the observed
outcome. Let pu(X) = E[Y | X]. The average treatment effect at the threshold is

0=FE[Y(1)-Y(0)|X =0]= liﬁ)lu(ac) - li%u(a:).
A standard approach to estimate # is to run a local OLS regression of Y on polynomial
m(X) with X € [—h, h] where

m(z) = (1[x >0],1[x >0]z,...,1[x >0]z" 1,2,...,2")".

Let v, be the regression coefficient and 6, = (1,0, ...,0)7,. If X is continuous, the bias
€(x) = p(x) — m(z) 7y, is negligible if we choose h — 0 at a sufficiently fast rate as the
sample size increases. However, if X is discrete, this “undersmoothing” procedure is not
feasible. Kolesar and Rothe (2018) propose an honest CI under restrictions that the bias
at the threshold are bounded above by the specification errors at other support points,
ie.

lim &(x)

3 i
im < max |€(2)]

zeSY

< max [§(7)],

zeSy

lim £(z)

where Sy = Sx N [—h,0), St = Sx N[0,h] and Sx is the support of X. Under this
restriction, the identified set of 6 is characterized by (1) with

B = {(s¢, Su T, ) ¢ S, 80 € {—1,1}, 3¢ € Sy, z, € 5%},

/\6(567 Suy Lo, xu) = >\u(8€7 Su, Lo, xu) - Qh + ng(l’g) + Sué(l‘u>

Kolesar and Rothe (2018) use the simple CI based on union principle for inference. [

Example 4. (Misspecification Analysis). Masten and Poirier (2021) provide a con-
structive way for researchers to salvage a falsified instrumental variable model. Consider

the classical linear model with multiple instruments:
Y =X0+2Z'~v+U,

where Y is the outcome, X is a scalar endogenous variable and Z is a L x 1 vector
of potentially invalid instruments. Under (i) exogeneity cov(Z,U) = 0, (ii) exclusion
v = 0 and (iii) a proper rank condition, we can point identify . However, if either the

exogeneity or exclusion restriction does not hold, the model may be falsified. In this



context, Masten and Poirier (2021) suggest relaxing the model by
o) = {9 ER: —Elp, < var(Z) ! (cov(Z,Y) — cov(Z, X)) < flel} ,

where ¢ > 0 measures the level of relaxation and the inequalities hold element wise. The
authors suggest reporting the falsification adaptive set ©(¢), where ¢ is the minimum

relaxation such that ©(§) is non-empty. In addition, ©(§) is characterized by (1), with

Aep = Aup = b/ T,

Yy and m, are the b-th element of ¢ = var(Z) 'cov(Z,Y), 7 = var(Z) tcov(Z, X), and
B={b=1,..,L:m #0}. In their empirical application, the authors implicitly assume
that either m, = 0 or |m| > e > 0 for all b, so that B is consistently estimable, in
the sense that the Hausdorff distance between B and B converges to zero in probability.
Therefore, asymptotically we can treat B as known. Apfel and Windmeijer (2022) propose
a generalized falsification adaptive set, which also has a union bound characterization.
Both papers do not consider inference.

Stoye (2020) studies inference for interval identified parameters under misspecification.
The identified set for ¢ is [0, 0y], and this set is empty when 6, > 6y. Stoye (2020)

suggests reporting the misspecification robust identified set

(5)

or + oy

[0, 00] U {M}

where o7 and oy are the asymptotic standard deviations for estimators 0; and éU. In
this case, the identified set is a union bound in (1) with B = {1, 2},

UU9L+UL‘9U
oL + oy .

)\Z,l = 9L7 )\u,l = 9U7 )\5,2 = )\u,2 =

Stoye (2020) proposes a CI for (5), but it does not apply to general union bounds.  [J

3 Inference Procedure

In this section, I study inference on 6 in (1). I illustrate with a normally distributed
estimator j\n = (5% 5\u> such that

() () =) =
Ay Ay

with ¥,, known, where ¥,,,, 3,, and Xg,, are |B| x |B| matrices. The true value A =

/
EZ,TL Eéu,n

6
EEu,n Eu,n ( )

(As; \u) € A and A can be a lower dimensional subspace of R?5l e.g. as in Example 1.

9



The normality assumption is motivated as an asymptotic approximation. In Section 3.4,
I present uniform asymptotic results for general DGPs.

I construct a modified conditional CI by inverting the test of the null hypothesis

Hy :min M, <6 <max\,s. 7
0 F WAL S U S AKX Ay p (7)

The test takes the form
6 (6. 00,50) = 1[T(0) > e(6;.)|

where T'() is the test statistic, and 6 is rejected if T'(0) exceeds the modified conditional

critical value ¢™(6; o). Consequently, the corresponding 1 — « CI is

CT™ (A, Sz @) = inf 0, sup 6. (8)
?(0,An,50)=0  4(9,X,,,5,)=0

3.1 The Test Statistic

The test statistic has a max-min form

~

T(0) = max {Igélllgl Zpp, min Zu,b} 9)

where opp, = /2, Oup = vV Youbbs

Aep — 0 6 — A\,
Zp =22 and Z,, = b (10)
O¢b u,b
Observing that Hy in (7) is equivalent to
Hy : max {Ig’éiél()\gvb —0), Iggél((g - )\%b)} <0, (11)

and the test statistic is constructed by replacing A\, and A, in (11) by their estimator,
adjusted for the standard deviation. Put another way, the population version of T(@),
which replaces (5\5, S\U) with (Ag, Ay ), is non-positive if and only if Hy holds.

If we use a simple critical value ¢8™ = ®~1(1 — 5 ), then we will get a simple CI

sim __ S o -1 _g 3 -1 _g
crm = Igélél)\é,b op® (1 2), I})leaBX)\u,b-i-Uu,bq) (1 2) ) (12)

which is often used in current practice, see e.g. Kolesar and Rothe (2018), Hasegawa
et al. (2019), Ban and Kedagni (2022). The simple CI is uniformly valid under mild

conditions, see Proposition 2 in Kolesdr and Rothe (2018). However, in general, it can

10



be very conservative. To illustrate, define

by = argmin),;, b, = argmax\,. (13)
beB beB

and observe that

P (0 ¢ CI°™)

P (m {mangb, rgnnZub} > o1 — %))

S (maX{Zgbg, Zub1}>¢) (1 ))
< p _ = _ =
< (aw>@ (1 ) (u%>@ (1 ﬂ) (14)
B _)\ébg )\Zbg 0
_P< i A %) (15)
wbe = Mabe 0= Aup . o
u — Dub be o (1 - 2 1
P ( e 0Dt g 2)) (16
<&
=5 Ty«

The first inequality holds because I replace the minimum of Z, and Z, by the value at
by and b,,, which may not be the realized minimizers. The second inequality follows from
P(AUB) < P(A) + P(B). The final inequality holds under the null hypothesis (7).

The potential conservativeness comes mainly from the first and last inequalities. The
first inequality tends to be conservative when the minimum Ay, is close to other elements
in Ay. In such cases, we should consider the minimum of the vector Z, instead of merely
Zip,. The same reasoning applies to the upper bound. The last inequality becomes
conservative if the union bound is wide, i.e. A,p, — Arp, > max{oyp,,00p, }- In such
cases, either (15) or (16) is negligible, allowing us to replace ®~'(1 —§) with ®~'(1 — ).
This scenario is also studied in Imbens and Manski (2004) and Stoye (2009) for a single
bound where |B| = 1. Besides the first and last inequalities, the simple CI is also
conservative because (14) does not fully use the joint distribution of (Z4,, Zup,)-

That said, the simple critical value is near optimal in less favorable cases, where both
the minimum and maximum are well separated, and the length of the identified set is
short, i.e.

Aoy — Aep, Aube = Aub Aube = by

min ——— >0, min ————— >0, -
beB\b, Tup beB\by, Tub min {op,, Tup,

~ 0. (17)

In such scenarios, the first and last inequalities are close to equality, mitigating any
significant power loss. This implies that ¢™ is nearly optimal among constant critical
values because it protects against the less favorable distributions, although at the cost of

an inflated coverage rate against more favorable DGPs. Therefore, it is crucial to devise

11



a data-dependent critical value that ensures proper coverage under case (17) but is more
efficient under other DGPs.

3.2 Conditional Critical Value

Following from the previous discussion, I now construct a data dependent critical value
that is valid under less favorable DGPs and more efficient otherwise. To do so, note that
under less favorable DGPs in (17),

P(E,UE,) ~1 (18)
where®
Be={T(0) = 2,3, } 0 {03, <0} (19)
B, ={10)=2,;,} n{\.s, >0},

by = argminZ,;, b, = argminZ,, ;.
beB beB

If the critical value ¢(0) satisfies
P (T(e) > &(6) |E, U E> <ot <a, (20)

the unconditional rejection rate is bounded above by « following from (18). Therefore, I

construct a conditional critical value based on the conditional distribution
0) ]T(@) — 2, and T(0) ‘T(e) = Z.,

for by, by satisfying App, <60 < Ayyp,.

Lemma 1. Under Hy, assume that (6) holds and
P (2., = 2,3,) = 0. (21)
Let by, by satisfy Aep, < 0 < Ay, then

FOSD

( )) P (tg1(0,01)) HT(Q) _ Zé,bl} % Unif(0, 1) (22)

1)) = @ (tea(6,61))

,b
b>)) _ @?110(;’123)) HT(Q) = u,bg} F(?jSD Unif(0, 1)

81f the minimizer of Z, is not unique, define be as the smallest element of the minimizers, with an
analogous definition for b,,.

(
c1>< 2 (0,

12



where

~\ —1 ~
min <1 + p€u<b> b)) (Zul; + pﬁu(b7 b)ZZ,b) ) Zf minpﬁu(ba b) > -1
te1(0,b) = < beB ’ beB

—00 otherwise

~ —1 ~ ~
win (14 p(5,8)) (2,54 pralb,0)Z0s) . if mingp,(b,b) > —1
tu,1(9,b) = { beB beB

—00 otherwise
;

—1 ~ i
_ min (1 — pe(b, b)> (Ze,é — pe(b, b)Zg,b) if minpy (b, b) < 1
te2(0,b) =  bEBpe(bb)<1 it

OLOO otherwise

( R . ) ~
tu,2(0, b) — { bEB:pyu(bb)<1 , it
e otherwise

\

Yobib by b

,b1b2 u,b1b2 Lu,b1bo

pﬁ(blvbQ) = ; pu(b17b2) = ) pfu(blabQ) = )
0¢,6100,by Ou,by Ou,by 00,61 0u,by

and 2y, Z,, are defined in (10).

Loosely speaking, Lemma 1 implies that the distribution of T(G) conditional on
() = Zp, 1s first order stochastically dominated by a truncated normal distribu-
tion TN (0,1, [te1(0,b1),t02(0,01)]), where TN (u,0?,[t1,t2]) is a normal distribution
N (i, 0%) truncated at [ti,ts]. Hence, we can guarantee conditional coverage by using
the 1 — a° quantile of TN (0,1, [t,1(0,0),t,2(0,b)]) with a® < a. Condition (21) holds in
most examples previously discussed and is assumed for simplicity.

Define the conditional critical value ¢°(0, a°) as:

) o <ozC<I>(tg7 (0,5)) + (1 — a) B (t,(0, BZ))) if 2,5 > 2,5
CC(Q, O{C> = ’ ,

1\Y, A ) (23)
(I>_1<a B (t,1(0, b)) + (1 — @) (£,.2(0, bu))> it 2,5 < Z,;.

where a¢ € (%a, «) is a user chosen tuning parameter, with a suggested rule of thumb
value %a. By construction, (20) follows directly from Lemma 1. As we will see later, a°
trades off the power under more and less favorable DGPs, with its choice discussed in

Remark 1. I next illustrate the conditional critical value using a simple example.

Example 5. (Simple Union Bounds) Consider a simple union bound
0 € [min {1, Ao}, max {\, Ao}]

and the estimator satisfies
(Xl e — )\2> ~ N (0,T5).
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Figure 2: Left: Conditional Critical Value. Right: Modified Conditional Critical Value.

The red curve corresponds to & (0; a©). The blue solid line represents the lower truncation ¢t. The gray region on the left
panel denotes the rejection region for the test with the conditional critical value ¢°(0; o), and the one on the right denotes
the rejection region with the modified conditional critical value ¢™ (0, a)). The two square regions filled with lines represent
the rejection region of the simple test. In this example, @ = 0.05 and o = 0.04.

The test statistic has the form
T(Q) = max {min {;\1 -0, Ay — 9} , min {0 — ;\1,9 — ;\2}} )
Assume that T(Q) = A\, — 0. In this case, the conditional critical value is
&(0;a5) = b L ((1 — %) (xz - 9) +atd (9 - XQ)) <o (1—ad).

If the minimizer and maximizer are well separated, e.g. A = 0 and Ay — o0, the
efficient critical value is ® (1 — «), as discussed in Imbens and Manski (2004). In this
case, Ay will be large and é¢(6; a¢) — ®1(1 — o), which is slightly conservative. This
follows from the fact that the conditional critical value is designed to correct for the
case when all elements, except for b, and b,, are far away from binding. On the other
hand, if Ao is relatively small, then the critical value is smaller. In Figure 2 left panel,
I plot the rejection region for the simple and conditional critical values with a = 0.05
and a¢ = 0.04. The green region denotes the null parameter space.” The red curve
is the boundary corresponding to the conditional critical value, and the gray region is
the rejection region for the conditional critical value. Finally, the two square regions
filled with lines are the rejection region of the simple test. The rejection region of the

conditional test is strictly larger than the simple test. O]

It is important to note that ¢°(#, ) may not serve as a valid critical value, because
P (E,U E,) can be much smaller than one when moving away from (17). For that reason,

next, I show how to construct a uniformly valid modified conditional critical value that

9The null parameter space mirrors that of testing for sign agreement, see e.g. Miller, Molinari, and
Stoye (2024) and Kim (2024). However, with more than two variables, these two testing problems do not
nest within each other. Moreover, while those papers focus on hypothesis testing at § = 0, this paper
constructs a CI for a partially identified 6.
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retains favorable power properties relative to the simple critical value.

3.3 The Modified Conditional Critical Value

I introduce a novel modification to the conditional critical value:
™ (0;a) = ™ (0, ¢" o) = max {¢°(6, ), "} (24)

where ¢' is defined later in (28).

To illustrate the construction of the truncation ¢, let CT m(c) be the CI based on (8)
with é¢™(0; ) replaced by ¢ (0, ¢; ). Given a potential true value A, the rejection rate at
0 is

p(e:0,03) = P (8¢ CT (e N(A D)),

where P(-; N(A, X)) is the probability under (6). It suffices to define the lower truncation

as the minimum value that achieves uniform size control, i.e.

@) =inf{ceR,: sup p(c;0,\%)<ayp, (25)
AEAo(0)

where Ag is the set of feasible A satisfying Hy:
Ao(0) = {()\g, M) EA: min Aip <0< max )\u,b} )

Note that ¢'(f) < ™ = &71(1 — &) because p(c™™; 0, A, X) < a from the discussion in
Section 3.1. In fact ¢*(#) is usually significantly smaller than ¢s™. The intuition is that

by virtue of Lemma 1, truncation is unnecessary for DGPs such that

1l -«

(26)

with o < «, where Ey, F, are defined in (19). Thus we only need to consider truncation
in more favorable DGPs deviating from (17), i.e. when the minimizer or maximizer
is not well separated, in which case a smaller critical value suffices. Given (6,)\), we
can calculate p(c; 0, A, ) by simulation. Nevertheless, calculating Cl m(ct) can be time
consuming because (i) we need to calculate ¢*(6) for a grid of € to get the CI and (ii)
Ao(0) is an unbounded set, which slows the computation down.

To improve computational efficiency, I propose a lower truncation that does not de-
pend on #. First, note that for given A, either 6 € [0y, 6,,] or 6 € [0,,,0,], where 0, = Ay, ,
0, = Aup, and 0, = (6,4 0,)/2. As a result, we can bound p(c; 6, A, X) by

p(e;0,), %) < max {P ([95, 0,,]  CT"(c): N\, 2)) P ([em, 0. Z CT" (c); N\, 2))}
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{ ( (0g) > ™ (by, ¢) or {T(Qm) > (0, ¢) and T(@u) > 6m(0u,c)} ;N(A,E)) ,
( (0, ¢) o {T(em) > & (O, ) and T(8;) > & (6, c)} N, 2))}
=:p(c, \, X0). (27)

Therefore, it is valid, but conservative, to replace p(c; 0, A,X) in (25) with p(c, A\, X).
In addition, to avoid maximization over an unbounded set, let Abeal-— 1 compact

confidence set of A, with suggested value n = 0.001. In sum, it suffices to use

¢ = inf {CZO: supﬁ(c,)\,Z)—l—nSoz}, (28)
¢ A€,

and p(c, A\, X)) is defined in (27). In terms of computation, p(c, A, 3) can be conveniently
calculated via simulation, and we only need to calculate the maximization over a bounded
set once rather than for a grid of #. In general, with 1 small enough, ¢' is much smaller
than ®~'(1 — §) by the intuition explained around (26). Moreover, in many examples,
the feasible space A is a lower dimensional subspace of R?8l. so that the supremum is

taken over a space much smaller than R?B! which reduces the computational cost.

Remark 1. (Choice of tuning parameter ¢.) Under more favorable DGPs diverging from
(17), ¢(0,a°) can be significantly smaller than ®~'(1 — §). To see this, let § = Ay, be
the lower bound of the identified set and assume that T(H) = Z,;,- 1f the identified set

is very large relative to the standard deviation, then
-1 R
te1(0,b) < (1 + peu(be, b )) (Zu,bu + peu(be, bu)Zgj,l)

— b b)) [ Db A beby) — L)z, )~ -
- 1+,0Zu< 2 u) + pfu( 05 u) Z&bé ~ —0qQ, (29)

gu,b 0-u7bu

u

N =ab
. . £,b u, .
where the approximation ~ follows from —4—— ~ —oco. In this case,

u,by

(6, a°) ~ & ((1 —a%)® (tm(@, 64))) <P l(1-a®) <P M1 %).

Moreover, if the minimum A, _;, is not well separated from A;;,, then the upper bound
teo(6, Bg) will be the minimum of several random variables, which will further reduce the
critical value.

When there is a single binding bound and the identified set is wide, the efficient
critical value is @~ !(1 — a) (Imbens and Manski (2004)). In Example 1, this corresponds
to the case with a large violation of the parallel trends assumption in one, and only one,
pre-policy period. To avoid substantial power loss in such settings, it is desirable to

choose af relatively close to a. Simulation results in Section 4 show that, in this case,
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my method performs similarly to RR23, which is close to optimal.°

In general, a° is chosen strictly smaller than a to balance power across more and
less favorable DGPs. The lower truncation ¢ increases in a°. Since ¢! is more likely
to bind under favorable DGPs, larger values of a¢ yield higher power in less favorable
settings, whereas smaller values favor power in more favorable ones. An optimal af
can be selected based on a prespecified criterion. For instance, in Example 1, one can
minimize the expected CI length under the parallel trends assumption. Simulation results

in Appendix A.1 show that power is not overly sensitive to the choice of a¢. In addition,

4

a“ = za is optimal or nearly so across all four empirically motivated DGPs. O]

Remark 2. The relaxation in (27) to get p(c, A, X) is not overly conservative. To see this,
if the identified set is large, #,, will be covered by the modified conditional confidence
interval with probability close to 1, so the conservativeness introduced by this relaxation

1 Conversely, if the identified set is very small, then the set’s coverage

is negligible.
will be similar to the coverage of a point. Moreover, we can reduce conservativeness by
increasing the number of elements in the partition at the cost of increased computational
difficulty. Appendix A.2 shows that the exact truncation ¢*() provides marginal power

gains while increasing the computing time by roughly 12 times. O]

Example 5. (Simple Union Bounds, Cont.) For simplicity, in this example I let n = 0.
With a = 0.05 and a° = 0.04, we can calculate that ¢' = 1.06. In Figure 2 right
panel, I plot the rejection region of the modified conditional test. The blue dotted
curve is the boundary corresponding to the lower truncation ¢*, and the gray region
is the rejection region for the modified conditional test. The rest are the same as in
Figure 2 left panel. As we can see, the rejection region of the modified conditional
test is strictly larger than the simple test, leading to power improvements. Compared
to the simple rejection region, the conditional test also rejects if both A and A\, are
small. The intuition is that if both A; and A\, are close to zero, then there are multiple
approximate minimizers and maximizers, so we only need a small critical value. The

lower truncation ¢' removes some counter-intuitive values from the rejection region close

to H(), e.g. (5\1 — 875\2 — 9) = (6,8) ~ (0,0) O

3.4 Size and Power Properties

I now present the conditions under which the modified conditional CI has asymptotic

uniform validity.

10RR23 Proposition 3.3 shows that their power is at least as large as that of the optimal test with size
(a — k) /(1 — k), where k is a tuning parameter with suggested value «/10.

UBy construction ¢™ > 0, thus if v/n (Aup, — Aep,) — 00, we have P (5\4 b, < 0,, < 5\u Eu) — 1.
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Assumption 1. (Known Singularity). Ay, A, are known |B| x J matrices such that

A = Adp, Ay = Aydp (30)
Ao = Apbn, Ay = Audn
So=[a a0 A

for some (0p, O, Qn)

Assumption 2. (Asymptotic Normality). Let BLy denote the set of Lipschitz functions
which are bounded by 1 in absolute value and have Lipschitz constant bounded by 1.
Assume

lim sup sup
Nn—00 pcP feBL,

where Ep ~ N (0,p).

B (1 (Vi (5 =0))] = EL7(&)]| =0,

Assumption 3. (Full Rank). Let S denote the set of matrices with eigenvalues bounded
below by e > 0 and above by é > e. For all P € P, Qp € S.

Assumption 4. (Consistent Covariance Estimator). For all € > 0,

lim sup P (HQn —QPH > 5) =0

n—0 pep

Assumption 5. (Confidence Set of \). For alln € [0, %), the confidence set An satisfies

limninf}ijrel%P (()\g, M) € An) >1-—n.

Assumptions 1, 2, 3 and 4 imply that /n <5\n —A p> is asymptotically normal with a
consistently estimable variance. The asymptotic variance is allowed to be singular, but
the source of the singularity, i.e. A, and A,, is known to the researcher. Given this, we
only need to verify whether A,y = —aA,, for some a > 0 to know whether pg, (b1, b2)
is at the boundary —1, which simplifies the construction of ¢°(6, o). These assumptions
hold for the examples in Section 2 with finite B under mild conditions, and I give detailed
illustration based on RR23 in Appendix E. Assumption 5 requires that An is a uniformly
valid 1 — 7 confidence set of (As, \,), e.g.

A, = {(Aﬂs, Ab)EN: 6 € A}, A= {5 )by — 65 < QM2 Wi =1, ., J} (31)

=1,...,

where Q(X,1 —n) is the 1 — 1 quantile of X.
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Theorem 1. (Uniform Coverage) Suppose Assumptions 1, 2, 3, 4, and 5 hold. Let
a € (0,1/2), a® € (%,), n € [0,25%). It holds that

2

lim sup sup sup P (9 g CcIm <5\n, f]n/n, a)) <a.

n—oo PEP HE[AZ,bZaAu,bu]

Next, I compare my method to two existing approaches which are also uniformly valid:
(i) the simple CI given in (12), and (ii) the adjusted bootstrap CI proposed in YKHS23.

Theorem 2. (Power Comparison with Simple CI) Suppose Assumptions 1, 2, 3, and 4
hold. A, is defined as in (31). Let a € (0,1), a¢ € (%,a), n € [0,95%). If one of the

’ 9 2

following two conditions hold

1. (Symmetric Bounds)A, = Ay, and P, satisfies

hglegip max it p (b, b) < pi (e, ), (32)
lim sup py(be, bu) < p5(a,n), (33)
PeP,

where pt(a,af) and p3(a,n) are defined in Lemma 10 and Lemma 7, respectively.*

2. (Large Bounds) Let k,, = o(/n) and k, — oo, and

P = {P P s, — Ay, > %} . (34)

It holds that

1. Modified conditional CI is shorter: there is o' > a such that

liminf inf P (C’]m (S\n, S /1 a> c orem (S\n, S /1 o/)) = 1. (35)

n PeP,

2. Modified conditional CI has higher power: for all P, € P,, there is a subsequence
P,, and k € (0,+00) thus that

lim inf P,, (9% ¢ CIm <)\ S, /n; a)) —P,. (ean g Csm ()\ S, /n; a)> >0
Ap—>00

(36)
for 6, =0, — \/iﬁ The same applies to the upper bound.

The first part of Theorem 2 considers the case where the upper and lower bounds are
symmetric, as in Kolesar and Rothe (2018), Masten and Poirier (2021), and RR23. If the

correlation coefficients among \¢ are not too large, the modified conditional CI is strictly

2Here py(b1,b2) = pu(b1,b2) = peu(b1,b2), so I only impose restrictions on py.
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shorter than the simple CI. The upper bounds pj(a, a®) and p}(«,n) can be easily solved

numerically, for instance,
p1(0.05,0.04) = 0.84, 05(0.05,0.001) =~ 1.

In the DiD setting, conditions (32) and (33) require that the variance of the violation not
be much smaller than that of the biased DiD estimator; otherwise, the variance of the
bound estimators is dominated by the single DiD estimator, inducing high correlation
between the bounds.!®> Note that the conditions are sufficient but not necessary, in the
empirical application, the proposed method continues to outperform the simple approach
even when they do not hold.

The second part of Theorem 2 compares the modified conditional CI with the simple
Cl in a different set of DGPs. It shows that if the identified set is relatively large compared
to the standard deviation of the estimators, which is O( \/iﬁ), the modified conditional CI
is shorter than the simple CI with probability approaching one. The intuition follows

from the discussion around (29).

Theorem 3. (Power Comparison with YKHS23) Let C'IYKHS (;\n,f]n/n, a) be the ad-
Justed bootstrap procedure proposed in Hasegawa et al. (2019) Algorithm 1 equation (15)
with tuning parameter m = -, where k, — 0o and f, = o(n). Let a > 0, kI, = o(\/kn),
K., — 00. Define local alternatives

/ /
. K K
0, = Héln Aip — —=a, or Hn:rlr)leaBX Aup + —=a.

beB Vn Vn
Then

lim inf in;)P <9n g CcIm (Xn,f]n/n, a>> =1,

n—oo Pe
lim sup sup P <0n ¢ CJYKHS (S\n, f]n/n, a)) < a.
n—oo PeP
YKHS23 method relies on a random draw of a subsample with size m = ) and thus
the convergence rate of the CI to the identified set is y/m, slower than /n. Theorem 3
follows from the convergence rate of CIYK™S and CT™. The sequence of 6, is rejected
by the modified conditional CT with probability approaching one following from its /n
convergence rate (Lemma 2), while it is rejected by CIYKHS with probability bounded

above by a. Hence, CI™ has large power improvement upon CIYKHS,

13In Section 5, I examine two empirical applications: (1)honest DiD ClIs with M = 0.2,0.4, ..., 1.4
and (2) honest regression discontinuity design CIs with estimation windows h = 4,5, ...,14. Among 18
covariance matrices, (32) and (33) hold in 15 cases and fail only when M = 0.2, or h = 4, 5.
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4 Simulation

In this section, I study the size and power properties of the proposed procedures and
compare them to several alternatives. I conduct simulations in the context of Example
1, i.e. relaxation of the parallel trends assumption as in RR23. Besides the modified
conditional CI proposed in Section 3, I consider two existing procedures for union bounds:
(i) the adjusted bootstrap in YKHS23, (ii) the simple CI in (12), and (iii) the inference
procedure in RR23.'* All three methods are uniformly valid. All tuning parameters are
set at the values in the papers in which they are proposed.

Each sample {Y;}!_; and estimator is generated by

1

The inference is conducted using the pair (4, X). The covariance matrix ¥ is calibrated
from the empirical results reported in (i) Dustmann et al. (2022) Figure 7(c), (ii) Benzarti
and Carloni (2019) Figure 2(E), (iii) Lovenheim and Willén (2019) Figure 3(A), and (iv)
Christensen, Keiser, and Lade (2023) Figure 5(b). Specifically, 3 is set to be the estimated
covariance matrix for t = =71, ..., —1,1, where T is reported under Figure 3. For each
Y., T considered three true values for ~: (i) the parallel trends assumption holds, i.e.
4PT¢ = Op; (ii) there is a small violation of the parallel trends, where 777¢ is calibrated
from the same source as ¥; (iii) there is a large violation, where v7"¢ = (100, 0r—1),
on = maxpep {00p}. Without loss of generality, I normalize v7°% = 0. In sum, I consider
4 x 3 = 12 empirically motivated DGPs. Note that the simulation results of the modified
conditional CI, the RR23 CI, and the simple CI are invariant to n, while YKHS depends
on n because of a subsampling step. I set n = 5000 and S = 1000 sample draws.

In Figure 3, I plot the rejection rate near the upper bound. The lower bound is
similar and thus omitted. The horizontal axis is the value of #, while the vertical axis is
the rate that 6 is not included in the CI. The asterisks represent the identified set, and
the nominal rejection rate is 10%. The modified conditional CI is the red curve and it
has proper size control in all simulation designs. The simple CI is the black dotted curve
and it has significantly lower power than modified conditional CI in all designs.

RR23 CI is plotted in blue dashed curves. The performance of RR23 varies with the
DGPs, and the power is usually between the modified conditional CI and simple CI, see
e.g. Figure 3a, 3b, and 3d. In some DGPs, RR23 may perform worse than the simple

CI, e.g. in Figure 3g. When there is only one large violation, for example in Figure 3i-31,

14YKHS23 propose two CIs in Algorithm 1 equation (15): one with the tuning parameter m/N —
0,m — oo and the other with m = N. The second one is not uniformly valid, and thus I only consider
the first one with m = N/log(log(NN)) as suggested in their Section S1.4. For RR23, I use their hybrid
conditional CI with tuning parameter n = %, which is the default choice in their code. For my CI,

4 107
a® = za,n = 0.001.
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the minimum and maximum of the union bound are well-separated from other bounds,
and RR23 is near optimal by their Corollary 3.1. In this case, the modified conditional
CI has a slightly smaller rejection rate and is close to optimal.

YKHS is plotted in green circled curves. YKHS has slightly higher power than the
modified conditional CI for points very close to the identified set but often suffers from
large power loss for points farther away, see e.g. all designs except Figure 3¢ and 3g. This
is consistent with the slower convergence rate of the YKHS CI to the identified set.

In Table 1, I report the median CIs.'® I compare the differences between the length
of median CIs and the length of the union bound estimates, as a measure of efficiency.'®
The difference of the modified conditional CI is the shortest, or slightly larger than the
shortest, in all DGPs. It significantly reduces the value of RR23 (resp. YKHS, simple
CI) by a proportion up to 43% (resp. 32%, 37%), see third panel with small violation
(resp. fourth panel with parallel trends, fourth panel with parallel trends). The average
computing times on a standard PC without parallelization for 7" = 3,4, 9, 15 are 80s, 80s,
100s, and 260s, respectively.

Appendix A presents additional simulation results. First, the power of the modified

conditional CI is not sensitive to the tuning parameter o under a natural criterion,

4
5

lower truncation ¢ offers a good balance between CI length and computational cost:

average CI length under parallel trends, a® = Za is optimal or nearly so. Second, the
replacing it with the exact ¢!() in (25) yields marginal power gains but substantially
increases computation time. Third, the modified conditional CI improves upon the simple
CI both by adjusting for the length of the identified set, as in Imbens and Manski (2004),
and by exploiting the union structure, with the gains from these two components being

comparable.

5 Empirical Illustration

5.1 Minimum Wage Effects: Difference-in-Differences

Dustmann et al. (2022) study the labor market effects of the minimum wage implemented
by the German government in January 2015, affecting approximately 15% of the work-
force. The minimum wage policy remains a subject of considerable controversy within
the labor market, as it simultaneously addresses wage inequality while potentially leading
to disemployment. One main conclusion of Dustmann et al. (2022) is that the minimum

wage increase resulted in higher wages without causing a decline in employment levels.

15 A median CI is the median lower bound of the 1 —a CI to the median upper bound, and the median
is taken over S samples.

16The consistent union bound estimate is |minyep Aeb, MaXpeB )\u,b]
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Table 1: Simulation Results - Median 1 — o« CI

Point Modi. Con. RR23 YKHS Simple
Dustmann et al. (2022) T =3
Parallel Cl  [0.188,0.188]  [-0.470, 0.456]  [-0.505, 0.492]  [-0.486, 0.502] [-0.578,0.565]
[0,0] Diff. 0.550 0.621 0.612 0.768
Small Vio. Cl  [-0.196,0.195]  [-0.467, 0.475]  [-0.504, 0.505]  [-0.492, 0.504] [-0.576,0.581]
[—0.080,0.080]  Diff. 0.551 0.619 0.605 0.766
Large Vio. Cl  [2.508, 2.503]  [-2.857, 2.852]  [-2.840, 2.836]  [-2.955, 2.995] [-2.920, 2.916]
[-0.316,0.316]  Diff. 0.698 0.666 0.939 0.825
Benzarti and Carloni (2019) T = 4
Parallel Cl  [-0.028,0.029] [-0.058, 0.059]  [-0.067,0.067]  [-0.070, 0.074] [-0.075, 0.075]
[0,0] Diff. 0.061 0.077 0.088 0.093
Small Vio. CI  [-0.085,0.085]  [-0.120,0.119]  [-0.121,0.122]  [-0.130, 0.140] [-0.130, 0.130]
[—0.080,0.080] Diff. 0.069 0.073 0.101 0.090
Large Vio. Cl  [-0.316,0.317]  [-0.359, 0.354]  [-0.358, 0.354]  [-0.374, 0.368] [-0.368, 0.363]
[—0.316,0.316]  Diff. 0.080 0.079 0.109 0.098
Lovenheim and Willén (2019) T =9
Parallel CI  [-0.909, 0.884]  [-1.886, 1.867]  [-2.341, 2.343]  [-1.709, 1.800] [-2.235, 2.236]
0 € [0,0] Diff. 1.960 2.891 1.715 2.678
Small Vio. CI  [1.360,1.354]  [-2.261,2.225]  [-2.927,2.893]  [-2.193,2.194]  [-2.590, 2.567]
[—0.993,0.993] Diff. 1.772 3.106 1.673 2.442
Large Vio. CI  [9.366,9.332] [-10.034, 10.174]  [-9.999, 10.128]  [-10.201, 10.483]  [-10.153, 10.323]
[—9.350,9.350]  Diff. 1.509 1.428 1.985 1.778
Christensen et al. (2023) T =15

Parallel CI  [0.108,0.108]  [-0.197,0.195]  [-0.225,0.227]  [-0.233, 0.242] [-0.247, 0.249)
[0, 0] Diff. 0.176 0.236 0.259 0.280
Small Vio. CI  [-0.279,0.281]  [-0.391,0.409]  [-0.391, 0.405]  [-0.431, 0.445] [-0.416, 0.434]
[—0.276,0.276]  Diff. 0.240 0.236 0.316 0.290
Large Vio. CI  [0.932,0933]  [1.040,1.029]  [-1.036, 1.025]  [-1.084, 1.064]  [-1.062, 1.047]
[—0.934,0.934] Diff. 0.204 0.196 0.283 0.243

A median CI is the median lower bound of the 1 — a CI to the median upper bound, and the median is taken over S
samples. Diff. reports the differences between the length of median Cls and the length of the union bound estimates, as a

measure of efficiency. The consistent union bound estimate is [minbeg Aep, MaXpen /\u,b]-
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To study the employment effect, the authors estimate the DiD design

2016

log(emp,,) = Z VGAP [T =t +a, +& + e (37)
7=2011,r#2014

where log(emp,,) is the log employment in district r, time t; GAP, is a measure of
the exposure to the minimum wage; «, and & are district and year fixed effects. The
parameter vector v is the event study coefficients with 7,914 normalized to zero. Figure 4
left panel shows the estimated coefficients {4, } from specification (37). Under the parallel
trends assumption, the high and barely exposed districts evolved at the same rate in the
absence of the minimum wage policy. In this context, the coefficients 79015 and 9016 in
the post-policy years serve as measures for the employment effects of the minimum wage
policy. However, Figure 4 indicates that the coefficients 5011, 72012 and 9013 in the pre-
policy years are not statistically or economically indistinguishable from zero. Hence, it
is evident that the parallel trends assumption does not hold. Consequently, the authors
conduct sensitivity analysis using RR23, as detailed in their Appendix A.14.

In particular, the authors conduct the sensitivity analysis using the second differences

relative magnitudes (SDRM) relaxation. This approach assumes that

_ _ _ < _ _ _
|(52015 72014) (72014 72013)\_]\/[8:21(%%?2(013‘(’75 ’Ys—l) (%71 ’73—2)|,

where 9015 represents the potential differential trend without the minimum wage policy.
Essentially, without the minimum wage policy, the slope change at ¢ = 2015 is bounded
above by a factor of M times the previous slope changes. M measures the level of
relaxation. This aligns with the approximately linear pretrend observed in Figure 4.
The employment effect of interest is quantified as Ya015 — €2015.)” That is, with one
unit increase in GAP and other covariates fixed, the employment rate will increase by
100(72015 — &2015) % in expectation. When M = 0, the difference in trends between treated
and control groups is exactly linear, and the employment effect is point-identified with
estimate -0.09, which is the original estimate 42915 = —0.57 adjusted for the linear trend.

In Figure 4 right panel, I report the 95% CI for different values of M constructed based
on three different methods: the modified conditional CI proposed in Section 3, the hybrid
CI in RR23, and the simple CI in (12)."® We can clearly see that the modified conditional
CI is the shortest and the simple CI is the widest for all M, and the improvement of the
modified conditional CI upon the simple CI doubles the improvement of RR23 upon the
simple CI.

The authors compare the minimum wage induced disemployment effects and wage

1"The identified set is given in Appendix E.
18The estimated coefficient and covariance are available but the data for regression is confidential, thus
I can not implement the YKHS23 bootstrap procedure.
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Figure 4: Left: Estimated Employment Effect. Right: Sensitivity Analysis under SDRM.

Left panel: black solid lines denote the 95% CIs for ~, in (37), with the dashed line connecting the point estimates. The
red vertical line marks the treatment time. Right panel: the horizontal axis indicates the level of relaxation M; vertical
intervals denote the 95% ClIs of the employment effect under relaxation M. The horizontal dashed line shows the estimated
wage effect (with opposite sign).

effects. To do so, they estimate the wage effect using the same DiD design as (37)
with regressor log(wage,,), which is the (log) local average hourly wages conditional on
employment. After adjusting the linear pretrend, the point estimate of the wage effect
at t = 2015 is 0.6, represented by a dashed line (with an inverse sign) in Figure 4 right
panel. The authors are interested in whether the employment effect is robustly higher
than —0.6, leading to an employment elasticity with respect to own wage less than 1
in absolute value.!” When using the natural benchmark M = 1, only the modified
conditional CI is above the negative wage effect. It is also informative to report the
“breakdown” relaxation at which the wage effect is no longer larger than the (negative)
employment effect. In this case, the breakdown M for the hybrid CI is around 0.75, while
the one for the simple CI is around 0.6. Remarkably, the breakdown relaxation M of my
method is 33% to 66% larger than the other two. The average computing time of my

method is 50s per CI on a standard PC.

5.2 Energy Label Effects: Regression Discontinuity Design

Sejas-Portillo et al. (2025) examine how energy labels influence property prices at rating
thresholds. In the United Kingdom, all residential properties are required to undergo an
energy performance audit before being listed for sale or rent. The audit produces a SAP
score, measured on a discrete scale from 1 to 100, where higher values indicate better
energy efficiency. These scores are grouped into rating bands from A to G, which are

arbitrary and provide no additional information beyond the underlying score. Insights

19 A more rigorous way to compare the disemployment and wage effects is to construct an honest CI
for their difference. However, implementing this is not straightforward with the RR23 HonestDiD R
package. I therefore follow Dustmann et al. (2022) and compare the disemployment effect with the point
estimate of the wage effect.
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from behavioral economics suggest that the simplified label design may divert buyers’ at-
tention away from the underlying SAP score and toward the coarse rating bands, thereby
influencing their purchasing decisions. To study these effects, the authors use a British
dataset covering more than seven million residential property transactions. Figure 5a
plots the average log price per square meter against SAP score, with marker sizes pro-
portional to transaction frequencies and vertical lines denoting the band thresholds. The
rating bands are indicated at the top of the figure. The discontinuities in prices at the
thresholds suggest that buyers pay excessive price premuims for higher ratings despite
the absence of corresponding actual improvements in energy efficiency.

The empirical strategy relies on a regression discontinuity design. To mitigate esti-
mation bias, Sejas-Portillo et al. (2025) estimate separate regressions for each threshold

using the following specification:

Py =~'m(SAP) +¢; =T, + 7T; x SAP, 4+ ... 4+ 7,11 T; X (SAP)?
+ Vo1 + Vpr2SAP + .+ 21 (SAR) + ¢

where P; denotes the log of price per square meter of property ¢, and 7; is an indicator
for whether the SAP score has crossed a rating band cutoff. The target parameter 6 is
the percentage increase in property price at the threshold, and v, is a potentially biased
estimand.

As in Example 3, the running variable (the SAP score) is discrete. Consequently,
specification errors at the threshold cannot be eliminated by undersmoothing. To address
this issue, I follow Kolesar and Rothe (2018) and construct robust Cls for 6 under the
assumption that specification errors at the threshold are bounded above by specification
errors at other support points. Under this assumption, the identified set of € can be
characterized using a union of 4h(h + 1) bounds.?

I focus on the C-D band cutoff, which contains the largest concentration of properties
in the SAP distribution. I set the polynomial order p = 2, as Figure 5a indicates nonlinear
price trends in the C-D region. Figure 5b reports 95% ClIs for different estimation windows
h based on both the modified conditional CI and the simple CI. The modified conditional
CIs remain strictly positive for all h < 10, suggesting that the positive labeling effect
is robust. For h > 10, the modified conditional CIs become insignificant, likely because
including observations further from the cutoff increases misspecification bias, leading to a
larger robust identified set and hence wider intervals. Across all values of h, the modified
conditional CIs are shorter than the simple CIs, and the latter cross zero for all A > 6.

Computation of the modified conditional CI takes approximately two to eight minutes

20Gpecifically, for an estimation window h, the vectors A\, and ), are defined as A\, = ),
(1 + se&(we) + Sug(xu))(Sz,sutu,wu)EB’ where {(z) = E [P | SAP = cutoff + JU] —v'm(cutoff + z), B
{(se, SusTo, ) : 8o, 80 € {—1,1}, 2 = —h, ...y —1,2, =0, ..., h}.
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per interval for A < 9, and ten to twenty minutes for A > 10 on a standard PC.

7.9+

7.8+

7.6

Average Price per Square Meter (log)

7.5

|
|
|
|
|
|
|
|
|
|
|
|
|
|
! .
7.7 "
-
|
|
|
|
|
|
|
|
|
T

SAP Score

(a) Price per Square Meter (log) by SAP Score.

0.031
0.025 - - T T T
0.02 - -
0.015
0.01

0.005 -

-0.005 - T

-0.01 +  Point. Est. -
Simple
-0.015 1 Modi. Con. 1

-0.02 1 1 1 1 1 1
4 6 8 10 12 14

Estimate Window h
(b) Robust 95% CIs.

Figure 5: Effects of Energy Labels.

The upper panel plots average price per square meter (log) bins for each SAP score (N = 6,963,127).
Marker sizes are proportional to transaction frequencies. The vertical lines indicate the boundaries of the
rating bands. The lower panel reports the 95% CIs for the labeling effect 6 across different estimation
windows h. The dot represents the point estimate of ;. The red intervals correspond to the modified
conditional CIs, while the black intervals are based on the companion RDHonest package of Kolesar and
Rothe (2018), which implements simple CIs. The horizontal axis represents the estimation window h,
with each point estimator and interval computed using observations satisfying |SAP; — 69| < h, where
69 is the threshold between C and D.

28



6 Conclusion

In this paper, I propose inference procedures for a target object whose identified set is a
union of bounds. When the union is taken over a finite set, I introduce a novel modified
conditional CI based on a modified conditional critical value, which significantly improves
upon existing procedures over a large set of DGPs. There are a few directions for future
work. First, the important tuning parameter o trades off the rejection rate between less
and more favorable DGPs, and the suggested rule of thumb value is %a. It would be
useful to develop an efficient method for selecting the optimal a® based on a prespecified
criterion (see Appendix A.l for an exercise in the DiD setting). In addition, the idea
of modified conditional inference could potentially apply to other non-standard inference
problems like directionally differentiable functions. This idea does not impose shape
restrictions, e.g. convexity, on the null space. Lastly, my inference procedures assume
a correct specification that the union bound is non-empty. If the model is misspecified,
the CI can be an empty set or spuriously short. It would be interesting to consider
misspecification robust inference for general union bounds, in the spirit of Stoye (2020)
and Andrews and Kwon (2023).
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A Additional Simulation Results

A.1 Sensitivity and Optimal Choice of a°

In this section, I present additional simulation results on the choice of the tuning param-
eter a¢. Figure 7 reports rejection rates for a® = 0.6c, 0.75a, 0.9c. The results show that
rejection rates are not overly sensitive to the choice of o, and in all cases the modified
conditional CI outperforms the simple CI. When a° varies from 0.6« to 0.9, the largest
change in the rejection rate across all DGPs is 0.12. The tuning parameter o trades off
power across more and less favorable DGPs: when the bounds are well separated (Figure
7i - 71), rejection rates increase in a°; when the bounds are close (Figure 7c and 7g),
smaller values of o give higher power against alternatives near the null.

As discussed in Remark 1, a° can be chosen optimally according to a prespecified
criterion. A natural choice here is to minimize the average or median length of the
CI under the parallel trends assumption. Figure 6 reports mean and median modified
conditional CI lengths with different a®. The value of a¢ that minimizes median (resp.
average) CI length ranges from 0.8« to 0.9 (resp 0.75« to 0.85«), with a® = 0.8«

performing optimal or near so in all cases.
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Figure 6: Median and Average 95% Modified Conditional CI Length

The median and average are taken over S = 1000 samples under parallel trends.
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A.2 Conservativeness and Computation of ¢*

The lower truncation ¢', defined in (28), is the smallest constant satisfying p(c, A, ¥) <
a—n forall X € An: where p(c, A, ) is an upper bound on the true rejection probability.
While computationally simple, p(c, A, ¥) may introduce conservativeness. As an alterna-
tive, one can compute an exact lower truncation for each 6, and use the critical value
™0, c*(0); ) = max {¢°(0,ac),c"(0)}, with ¢*(0) defined in (25).

To assess the impact of using ¢* in (28) instead of ¢*(6) in (25), I simulate 200 samples
from each of the 12 DGPs in Section 4, and construct the modified conditional CI under
both approaches. Figure 8 reports CI lengths for the original procedure based on ¢
and the “improved” version based on ¢'(#) under parallel trends and small violations.
These two Cls are identical under large violations, thus omitted. Under parallel trends
(resp. small violations), the two Cls are identical in 65% (resp. 80%) of the samples.
Among samples with differences exceeding the tolerance (1072), the improved CI is on
average 11% shorter under parallel trends and 8% shorter under small violations, but its
computation time is roughly 12 times longer. Overall, this exercise shows that while the

exact truncation can yield power gains, the proposed ¢ offers a good balance between CI

length and computational cost.
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Figure 8: Comparison of ¢' and c*(6)
The original CI refers to the modified conditional CI proposed in Section 3, while the “improved” CI replaces ¢™(0; )

with &% (6, ¢*(0); o) = max {¢(0, ac),c*(9) }. The two CIs coincide under large violations and are therefore omitted. Two

hundred samples are simulated under each DGP.
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A.3 Decomposition of Improvements Using Paired Cls

In Section 3, I showed that the modified conditional CI improves on the simple CI in
two ways: (i) reducing the critical value when the identified set is wide (Imbens and
Manski (2004); Stoye (2009)), and (ii) further tightening when multiple bounds are nearly
binding. Here, I isolate these effects by constructing paired Cls, which capture (i) but
not (ii).

In the DiD setting, we can construct less conservative CI for each pair of bounds
Hop : Agp < 0 < Ay ) using insights from moment inequalities, and the final CI is then
formed by applying the union principle. A nature pairing is symmetric, with A, @)+ =
24Pt — (.21 The test statistic is 7,(f) = max {’A\Z#;e, 9;;\#} with the critical values
computed using both the generalized moment selection of Andrews and Soares (2010)
and the hybrid critical value of Andrews et al. (2023).?* Table 2 reports the median CI
based on paired moment inequalities.

Relative to the simple CI, the paired CI reduces the median CI length (net of the
estimated bound) by 20-26%, capturing the gain from (i). When the bounds are close, the
modified conditional CI is up to 20% shorter than the paired CI, reflecting the additional
gain from (ii). This improvement comes at a cost: when the bounds are far apart (e.g.,
with a single large violation), the modified conditional CI is about 7% wider than the
paired CIL.

Table 2: Median CI based on Paired Moment Inequalities

T=3 T=4 T=9 T=15
Andrews and Soares (2010)

Parallel CI [-0.501 , 0.485 | [-0.064 , 0.064 | [-1.926 , 1.024 | [0.217, 0.218 |
[0,0] Diff. 0.609 0.071 2.057 0.219
Small Vio. I [-0.500 , 0.500 ] [-0.118 , 0.118 ] [-2.320 , 2.294 ] [-0.384 , 0.399 ]
[—0.080,0.080]  Diff. 0.608 0.067 1.900 0.223
Large Vio. CI [-2.826 , 2.824 ] [-0.355 , 0.351 ] [-9.984 ,10.103 ] [-1.031 , 1.020 ]
[—0.316,0.316]  Diff. 0.639 0.073 1.389 0.186

Andrews et al. (2023)

Parallel CI [-0.496 , 0.480 | [-0.064 , 0.064 | [-1.940 , 1.943 | [-0.217 , 0.218 |
[0,0] Diff. 0.600 0.071 2.090 0.219
Small Vio. CI [-0.494 , 0.495 | [-0.119, 0.119 ] [-2.339 , 2.312 [-0.387 , 0.401 |
[—0.080,0.080]  Diff. 0.599 0.068 1.936 0.228
Large Vio. CI [-2.834 , 2.829 | [-0.356 , 0.352 ] [-9.990 , 10.117 ] [-1.034 , 1.022 ]
[-0.316,0.316]  Diff. 0.652 0.075 1.409 0.191

A median CI is the median lower bound of the 1 — a CI to the median upper bound, and the median is taken over S
samples. Diff. reports the differences between the length of median CIs and the length of the union bound estimates, as a

measure of efficiency. The consistent union bound estimate is [minbeg Agp, MaXpeB )\u,b]~

*In particular, let Ay, ) = Agper in with (Ag, A,) defined in (3).
22Tuning parameters are set to their recommended values: for Andrews and Soares (2010), the GMS
function is ¢ with s, = VInn; for Andrews et al. (2023), n = a/10.
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B Connection to Previous Literature

In this section, I show why existing methods do not extend to union bounds, and discuss
the implications of the proposed inference procedure. For simplicity, let \/5(5\ —A) ~
N(0,7,), b = arg min\,.

b

B.1 Connection to Moment Inequalities

Consider testing moment inequalities with null hypothesis
HOi . maX{)\l, )\2} S O,
A natural test statistic is

T = max {\/ﬁ;\l, \/55\2} =max{Z,1+ h1, Z,2+ ha},

where Z,, = \/H(S\b — X)) and hy = /nX,. The null is rejected when T is large.
Since (hy, he) cannot be consistently estimated, Andrews and Soares (2010) propose
an upper bound of h, based on generalized moment selection (GMS). For instance, let
hy = min{%ﬂb,O}, then h, < hy + 0,(1). By contrast, consider the union bound
hypothesis

Ho,, : min{ A1, A2} <0.

An analogous statistic is
T = min {Zn,l + hla Zn,? + hg} .

Unlike in the moment inequality case, only one inequality, h; < 0 or hy < 0, must hold,
but it is unknown which. As a consequence, the GMS approach is not directly applicable.
A one-sided union bound problem can also be reformulated as a specification test in
moment inequalities. Specifically, Hy, is equivalent to the existence of some x € [0, 1]
such that
zA + (1 —2)X <0,

which corresponds to a specification test with parameter x. Bugni et al. (2015) and
Bugni, Canay, and Shi (2017) propose methods for such specification tests; however,
their minorant condition fails when both A; and Ay are close to zero, so their procedure
does not guarantee uniform validity for general union bounds. Kaido, Molinari, and
Stoye (2019) develop a projection-based approach with critical values derived from a
first-order approximation of the moment condition. When both A; and Ay are close to

zero, the Jacobian of the moment condition with respect to x is near zero. Adapting their
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insights to specification testing, the critical value reduces to ®~*(1 — a), which coincides
with the simple but conservative critical value. This suggests that the idea of modified
conditional inference can potentially be applied to improve existing specification tests

when the constraint qualifications, in the terminology of Kaido et al. (2022), fail.

B.2 Connection to Conditional Inference

The conditional critical value for the union bound bears resemblance to the conditional
inference procedure in Andrews et al. (2024), but with an important distinction: Andrews
et al. (2024) focus on inference for the realized winner );, while this paper concerns
the true winner \y,.*> As a result, their conditional CI is uniformly valid, while the
conditional CI in this paper requires additional modification. Specifically, Andrews et al.
(2024) construct conditional CIs from

V(N — M) [ b=, Ay = s ~ TN (0,1, (=00, vau(s — \y)]) - (38)

For the one-sided union bound Hy : min{\;, A2} < 6, a natural test statistic is T =
Vn(\; — 0) with conditional distribution

~

T|b=bAy=s~TN(Vn(h —0),1,(—00,Vn(s — 0)]). (39)

Unlike (38), the distribution in (39) depends on the unknown parameter \/n(\, — 6). To
address this, I condition instead on b = b,. In that case, (39) is first order stochastically
dominated by TN (0,1, (—o00,v/n(s — 0)]), yielding a conservative conditional critical
value. As the conditioning event does not occur with probability one, a lower truncation
is needed to ensure unconditional size control.

A second key difference is that, in conditional inference, researchers often construct
hybridized critical values to mitigate power loss when several moments exhibit similarly

large violations.?*

This concern does not arise in the union bound setting, since by
construction two large violations cannot occur simultaneously. For illustration, consider
a simple moment inequality problem Hy : A, Ay < 0. In Andrews et al. (2023), the
test statistic is 7' = /nmax{A;, A} and the conditional critical value is ®(1 — o +
a®(y/nA_;)). Intuitively, if both A, and A, are large, the critical value inflates and
the conditional procedure may fail to reject. By contrast, in a single bound case with
Hy: M\ <6< =Xy, and T = \/nmax {5\1 —0,0+ 5\2}, the parameter 6 enters the two

moments with opposite signs, so a large violation in one implies slackness in the other.

23 Andrews et al. (2024) define the winner as the realized maximizer; here, I use the symmetric realized
minimizer to align with the union bound notation.

24They hybridize by first applying the least favorable test and, if it does not reject, constructing
conditional critical values conditional on the least favorable test, see e.g. Andrews et al. (2024), Andrews
et al. (2023), and RR23.
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With multiple bounds, the minimum operator in (9) further reduces the conditional
critical value. Hence, in the union bound setting, an upper truncation is not needed to
maintain power.

The confidence set [\n introduced before (28) resembles the least favorable step in
hybrid tests but here is used only to simplify computation of the lower truncation ¢.
Therefore, unlike in hybrid methods, where 7 is typically set to «/10, I set n = 0.001 to

minimize its impact on power. In practice, setting n = 0 yields virtually the same results.

C Proofs for Theorems and Propositions

For P € P, let dp denote the true value of 0, Apy = Aydp, Apy = Audp,

Ope = Ibréiél Apep, Opy = max Apup, Opm = (Ope+ 0pu)/2.

et AusZ A7
Z(S ~ ./\/‘(O7 Qo) , Z&b — f,b 5’ Zu b - u,b 6

00,0,b ’ 00,u,b

denote the limiting distribution of

N (j\e,b — )\Pn,é,b> Vvn ()\Pn,u,b — 5\ub)

Y

Vit (= r,) : A
Oub Ou,b

with @y and P, specified in Lemma 3 and o¢p = «/AMQOA}J,, O0ub = 1/f1u71)§20141’u7,_5.

For k =0, m,u, let
T}, = max {min Zip + Moy, min Z, , + /\ku,b} (40)
beB beB

be the asymptotic analog of T'(8p, ), Where (Are, Apu) are specified in Lemma 3 (77).

Let By be a subset of B such that Ay, # Agy, for all by # by, by, by € By. If there is
App, = Aup, for by, by € B, keep only min{by, bo} in B,. Construct B, in the same way.
Let by, by, be the asymptotic analog of Bg(@k) and l;u(ék), with support By, Biu:

by = min {arg minZyy + )\k&b} , by, = min {arg minZz, , + Aku,b} ,
Bkg = {b S Bg : )\ké,b < OO}, Bku = {b S Bu : )\ku,b < OO} (41)
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Define the asymptotic analog of (¢,1,%,2) in Lemma 1 evaluated at 6p,  as

mi Z, 5 +peu(0.0) Ze v+l (b,D)
7 1+plu(b75)
tka(b): beB

—00 elsewhere

tLeJ(ba b) = Akt Peu(D, D) Nkt p-

. if minpg, (b, b) > —1
beB (42)

Similarly, we can define tgpo,t, 1, ty2. If |)\ku1l;} = 00 and |Agrp| = o0, tzm(b7 B) may not

be well defined. However, as we will see later, this case is irrelevant for the proof. Let

ot (acq)(tké,l(bké)) + (1 — Oéc)q)(tke,z(bkz))), it Zop, + Metory = Zupr, T Mewby,

¢ =
! (Oécq)(tku,l(bku)) + (1 - ac>q)(tku,2(bku)>>7 i Zo by + Mkt < Zubpy T Mewbiy
(43)
be the asymptotic analog of ¢°(0, ac). Let
p(c) = max {P (T; > ¢;*(c) or {T,, > c;n(c) and T, > X (¢)}), (44)
P(T, > ci'(c) or {T,, > c;n(c) and Ty > ¢;*(¢)})},
where ¢ (¢) = max {c{, ¢} and Ty, ¢, are defined in (40), (43). Lastly, let
d=inf{c>0:p(c) <a—n}, (45)

be the asymptotic analog of ¢* defined (28).
I use ® for the CDF of N(0,1) and ®y(xq, x9; p) for the CDF of N (0, [1, p; p, 1]) .

Proof of Lemma 1.

Proof. Let by satisfy Agp, < 6, and I show (22). Similar proof applies to the upper bound.
The proof mainly uses Theorem 5.2 and Lemma A.1 in Lee, Sun, Sun, and Taylor (2016),

and below I follow their notation. For s € B, let

15/% Z
A = B ) ¢ '
-1 —Zus

{T(e) - zg,bl} = J {42 < b} (46)

seB

To simplify A2y, < bs, note that for all b € B,

It is easy to see that

Zop, < (1 — pe(by, b))_l (Zep — pe(b1,0)Zp,) if pe(b1,b) < 1

Zip < Zpp &
0 S Z&b — Zé,bl if pg(bl, b) =1
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Zip > (14 pra(by, s)) " (Zus + peu(b1,8)Z0p,)  if pe(b1,s) > —1
ZZ,In Z Zu,s =

0> Zu,s - ZE,bl if pfu(bh S) =—-1L
Therefore,
{AsZp, < b} ={V; < Z4y, <V, V° >0}, where (47)
Vﬁ . (1 + péu(bla 3))—1 (Zu,s + qu(bb S)Zf,bl) if péu(bla 3) > —1
’ —00 if peu(b1,s) = —1,

min (1= pe(b1,0)) " (2o — pe(b1,0)Z0p,)  if {b € B, pe(by,b) < 1} # 0
Y+ = { beBpe(b1,b)<1

400 if {b€ B,pi(b,b) <1} =10,
be&gl(},?,b)ﬂzz’b = 2oy if peu(b, s) > —1, I})leaBng(bl, b) =1

VY = { . Z—ZZ—Z}‘f A —
i beza;,f?(i?,m:l 60 £,b1y “Lby u,s if peu(br, s) ’ T?E%sz( 1,0)

1 elsewhere.

Zp, L {V+ V-,V 863} by construction. With ¢,1(60,b;) and t;2(6,b;) in Lemma 1,

s S

[te1(6,b1),t02(0,b1)] = U [VS_,VJ’] )

seB

Let F,(z;t1,t2) denote CDF of a N'(u, 1) random variable truncated to [t1, 2], 1.

Oz —p) — Pty — p)

F (z;t1,t) = . 48
) S e e
where = E [Z),] = )\frbl < 0. Then by Theorem 5.3 in Lee et al. (2016),
Fy(Zopitea(0.01),t2(0.01)) || {A:Z0p, <0} ~ Unif(0,1), (49)
seB
and by Lemma A.1 in Lee et al. (2016), for all z € R,
Fo (25t01(0,01),t02(0,01)) < F, (2;t01(0,01), 02(6,01)) - (50)

Therefore, we have

N>

D (T()) — P (te1(6,b1))
B <t§2<e, b?)) — 3 (61(6,51) {70 = 200,

~ By (200,310, b1), 220, 00) [{16) = 240, }
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FOSD ~
j FH (ZZ,In > t&l(e, bl), t&g(&, b1>) HT(G) = Z@,bl} ~ Umf(O, 1)

Proof of Theorem 1.

Proof. By Lemma 3, we only need to show (74) for sequence P, satisfying Lemma 3
conditions 1 and 2.
Step 1. I show that for all ¢ € R,

P (c, Ap, S /n) L (51)

where p (c, Ap,, f]n/n> is defined in (27) and p(c) is defined in (44). Note that by As-
sumption 4 and (76), Q,, 2 Qq, thus there is 7, = o(1) such that

A

Q, = Qo+ 0,(1). (52)

Let

!/

Ay
Ay

A
0 ¢

U

:QES,HQ—QOHSTn}.

.

To show (51), note that for all € > 0,

P, <‘;5 <c, )\pn,f]n/n) —p(c)‘ > 5)
<P, (‘ﬁ <c, )\pn,in/n> —p(c)‘ >e, %, € 2n> + P, (i)n 4 En)

<P, (sup Ip (¢, Ap,,%/n) — p(c)| > 6) +0o(1)

Yex,

=1 Lseué) Ip (¢, Ap,, 2/n) — p(c)| > 8] +o(1),

where the first inequality follows from P(A) < P(AN B) + P(B°), the second inequality
follows from (52), and the last line is because p (¢, Ap,, X /n) and p(c) are non-random.

Thus it suffices to show

sup |p (¢, Ap,,X/n) —p(c)| — 0.
Te,

To do so, there is a sequence ¥,, € 3, such that

limsup sup [ (¢. Ar,. 5/n) — p(e)| = limsup [p (¢, Ap,. S /n) —p(c)]
n [S37% n
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and it suffices to show

liinﬁ (e, Ap,, 2n/n) = p(c). (53)

First consider the case when /n (Ap, wp, — Ap,.ep,) € R along P,. Note that
9(Ty, T, T, C, 5 c0) =1 [Ty > ¢™(cg, ¢) or {T,, > "(c;,,c) and T,, > (¢, ¢) }]
is bounded and continuous on D with
P(D) = P (T, = c™(c,c) or T}, = ™(c%,,c) or T,, = ¢™(c5, ¢)) = 0.

The second equality follows from (i) (1, T},, T,) is continuously distributed and (ii) 7, L
¢, T L ¢, T, L ¢ by construction. Thus (53) follows from Portmanteau’s Lemma.

Second, when /n (Ap, wp, — Ap, £5,) — 00 along P, let

Ble Ap, Sa/n) = max { P (T(pyes)) > " Opya N O Z0)) 0 (54)
P <T()\Pn,u,bu) > (AP uba, ©); N (AR, En))}

and we have
0<p(c, Apyy Sn/n) — 5 (e Ap, s Sn/n) < P (T(em) > &0, )i N Op, zn)) = o(1)
where the last equality follows from Lemma 4. Then, (53) follows from

(e, Ap,, £ /n) = max {P (T(@n,g) > (G0, ¢); N (Ap,, zn)) ,
P (T(&n,u) > (O 0s )i N (Ap,, Sn ))}
—max {P (T, > ¢;*(c)), P(T, > c.'(c))} = plc) (55)

(55) follows from Portmanteau’s Lemma and Lemma 4.
Step 2. 1 show that for all ¢ > 0,

lim sup P, (é}n < - 8) =0
where ¢' is defined in (45) and & is defined in (75). Note that by definition
D <é’}3n, AR, Y271/”) <a—n
and p (c, b, S, / n) is decreasing in ¢. Thus
limsup P, (¢ < —¢) <limsup P, ( (c —&,\p,, n/n) <a —77) =0

n
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where the last equation is by

p(ct —€,>\pn,f]n/n) ﬂ)p(ct —5) >a—1,

and (56) follows from Step 1 (51).
Step 3. Lastly, we show (74). Let

E(,¢) = {T(@) > 6m(0,c)} .
For all € > 0, it holds that

lim sup max { P, (E(0,, &% ) V {E(0m, % ) AN E(6y, 5 )}),

n—oo

Py (B (O 4,) v (BB ) A B (0180}

< lim sup max {Pn <E(9g, d—e)V {E(@m, & —e)ANE(l,,

n—oo

P, (E(@u, d—e)v {E(em, ¢ — &) NE(y, ¢,

+ lim sup P, (éﬁgﬂ <= 5)

n—oo

=p(c' —¢)

(56)

-a})
)

(57)

(57) follows from Lemma 4 and Portmanteau’s Lemma. Here I omit the subscript P, in

04, O, 0, and « in ¢™, & for simplicity. Since (57) holds at all ¢ > 0, we can take a

sequence of ¢ — 0, then by Lemma 9,

limsupmax{Pn (T(95)>c (Gp;0) v {T(e) (0,0 0) AT(0,) >

n—o0

ém(%;@é)}) ,

P, <T(9 ) > M0y, ) V (G ) AT(0y) > ¢ (95304)}>}

<limp(c' —¢) = p(c') <a—n.
e—0
The last inequality is by construction. This completes the proof.

Proof of Theorem 2.

Proof. Part I. Symmetric Bounds. Since A\, = A\, and 5\5 = S\U, let

T(0) = max {Igélél {2}, Igélél {_Zb}} ]

where Zu b — Zb )\b 0 Z@b = —Zb.
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Step 1. By Lemma 8, there is o] > a such that

/
liminf inf P (ét <o (1 - ﬁ)) =1. (58)

n PePpP

By Lemma 11, there is af, > a such that

liminf inf P (T(e) > ¢°(0; a°) for all § ¢ CI™ (X, S, /n; 0/2)) ~ 1

n pepP

Let o/ = min {a/, o} > «, and then (35) follows from
liminf}ngjp (C’Im (5\”, f)n/n;oz) ccocrm (S\n, fln/n, o/))
n  Pe

=liminf inf P (T(@) > (0; a) for all 0 & CT™(A,, 2n/n;o/)>

n PeP
/
> liminf}ing)P (T(G) > (0;a°) for all @ ¢ CT™ (N, X, /n; '), & < d7H1 — %))
n €

> lim inf inf P (T(e) > (0; a°) for all 0 & O™ (X, S, /n; o/))
n (S
/

+ liminf inf P (ét < o1 - 3)) 1

n PeP 2
> lim inf }n%P (T(@) > °(0;a°) for all 0 & CT™ (X, 3, /n: 0/2))
n P

/
+ liminf inf P (ét <ol (1- ﬁ)) 1=1
n PepP 2

Step 2. I show (36) with 6,, = 6, — J=- Note that by (35), there is o/ > « such that

limninf P, (Hn g Ccrm <5\n, i]n/n;a)> - P, <0n ¢ Crem™ (5\”, ﬁ]n/n;Oz))
Zlimninf P, (Qn g CIsm™ (5\”, f}n/n;o/>) - P, (6’n ¢ CIs™ <;\n,f]n/n; a))

> lim inf P, (T(&n) e (@1(1 - %/), (1 — %))) (59)

Under P,, we can show that there is a subsequence P, such that (76), (77) hold and

7(0,) N max{rglilrgl{Zb—kj\b_Fﬁ}, min{—Zb—j\b—i}},
€

Op beB Op
where

j\b:hmM > 0.

an Op
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Let ¢, =®71(1 - %), ¢ = P7'(1 — §). Then I show that there is x € R such that
P (T € (c1,¢2)) > 0.
To do so, let b* be the element with largest variance, i.e. oy« > max,cz 0y, Where
B={beB:\cR}.

Note that we have )\, = 0, thus B # (). Then

P(T* € (C1,02)>
ZP <CQ ZZb*—i_;\b*—i_ i ZCl,Zb‘i‘;\b‘i‘ﬁ ch,bEB\{b*}>
Op* Op
=P <02 > Zpe 4+ Aor + ; >, By > 1 — pyy Dy — Ny — Ui,b = B\{b*})
b* b
_ K — K - Y = %
>P (02 > Zp 4 Apr + >c1,Ey >0 — A — — — |ppp|(c1 — Apr — —), b€ B\{b })
Op* Jp Op*
-

- K
CzZZb*+>\b*+U 201)><
b*

Op*

P (Eb > c1 — X — |pps] (01— A ) — (0— — |ppb
b

) Uib*,b c B\{b*})

where E, = Z, — p(b, b*) Zp-. There is k € R such that

- - Tp K ~
P (Eb > =N — o] (€= Aor) — <0_bb — |pbe ) E’b € B\{b*}> >0

and therefore
P(T* € (01,02)) > 0. (60)

(36) follows from (59) and (60).
Part II. Large Bounds. I first show (35). By Lemma 12, there is of > a such that

/
lim inf inf P <ét <o H1-— %)) —1.

Let o/ = min {a},2a°} > a and ¢; = ®7}(1 — ). I show that
. miR e 3 Tup \ _
hmnmf 12fP (9 Z CI™(\, 2, /n,a) for all 0 > max Aup + \/ﬁﬁ) = 1.

The proof for the lower bound is symmetric.
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Let k], — oo and k], < k,,. Lemma 2 suggests that

lim inf inf P (0 ¢ C[m()\ n/n «) for all 6 > max)\ub +

Then I simplify ¢°(0, a°) for

Tub Oub
0 e (max)\ub—i- —c1, I?%X)\ub+ & :‘i,:| )
beB

vn V"

In this case, under (34),

Aoy, — 0 < Aeb, — Auby — Uubu/\/_cl

Z,: = — <
Gop,/ /N G, /N

0hy >

Thus, with probability approaching one,

7(0) = 2,5, > c1,
(0,05 = oL <of<I> (t%l(e, Bu>) +(1—a%)d (tu,z(e, Bu>)) .

Moreover, (61) and (62) implies that

<b@wda6@)f;®(<1+pm@@&ﬂ) (Zmé+pm@m502%%>)

Zop, — 2
— | Tz ) B,
1+ peu(be, by)

Therefore,

(0, a°) < &L ((1 —a)d (tug(@, Bu))) to(l) < e wopa. 1,
where the last inequality follows from o/ < 2a°. Thus by construction,

&(0,a) < e <T(0),

and 0 is rejected.
The proof for (36) is similar to Part I Step 2.

44

wb ;):1.
n

(61)

(62)

(63)



Proof of Theorem 3.

Proof. 1 show the results with 6,, = minyes A¢p, — \"“/—/%a. By Lemma 2,

liminf inf P (an gCcmm (x\n,Zn/n a)) = 1. (64)

n—oo PeP,

YKHS23 CI has form

|:mm1n \/ Q nmm_ nmm)p mmax \/ Q nmax_ nmaX:l_ﬁ>:|7

with S‘Z,Z,b calculated by empirical bootstrap, S\m,gyb calculate by a subsample of size m,

< . < < . < < *
/\m,min = min )\mZ by /\n min — 1111 )\n,f,ba A

be 3 %, ) be 3 n,min = min Anflﬂ

beB

Pt e [%, a]. The upper bound is defined symmetrically. Note that
P (9 ¢ C[YKHS ()\nE In; a)>

<P (9 < )\m min \/7Q n,min o nmin)ﬁ))
(0 A5 (et

P (@ (va (A:; in = Mnanin ) +B) < VR = 6)) (65)
+ P (@ (VA o = M- 1= B) > VI = 61)) (66)

As for (65), note that

VI (A min=0n) = VI (A min = Ae) + VI Aep, — )
— \/E(j\m,min - )\37()[) + 0(1) i) Ibrélél Zﬁ,b + Tf,b

where 75, = lim,, /m (Amp — Ap, ), and the limit distribution is continuous. Thus

(65) = P (Q" (VA (Mosin = Mnanin) +5) < Vil i = Aes)) +0(1).
Similarly, if v/m(Aup, — 0n) € R, we have

(66) = P (Q (VAN = Ao 1 =) > ViAmanax = Aea) ) +0(1)  (67)
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with similar argument. If \/m(\,p, — 0,) — 00, (67) still holds since both side of the

equation is o(1). In sum, we have
P <9n ¢ O JYKHS <5\n, in/n;a» =P ()W,[ ¢ O JYKHS <;\n,f]n/n, a)) + o(1),
thus by Theorem 2(d) in YKHS23, it holds that
limnsup SL;pP <9n ¢ CTYKHS (5\”, S/ a)) < a. (68)

64) and (68) complete the proof. O
(64) p p
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Online Appendices

D Auxiliary Lemmas

Lemma 2. (y/n Convergence Rate) Suppose Assumptions 1, 2, 3, 4, and 5 hold. For all
e >0, there is k € Ry such that

. . R i
lllrhmf;)rel%P(CI - {Hg—%,ﬁu—l—%}) >1—c.

Proof. It suffices to show that there is kK € R, such that

n PepP

liminf inf P (T(@) > ¢"(0; ) for all § ¢ {6’5 — %,Qu + %}) >1—c.
Following similar argument in Lemma 3, there is subsequence P, € P such that

N . 2 Am (. _ K _R
hmnlnf JygDP (T(@) > ¢™(0; ) for all 0 & [@g \/ﬁ’eu + \/ﬁ})
. - o B K K
_111151 P, <T(6’) > ¢ (0; ) for all 6 ¢ {94 —@, 0. + —\/a_n])

and X(FP,,) — Y. In addition, note that

n

P (7100) > (0:0) forat 0.2 61— .+ | )

Y
aTl

A K
> P, (T(G) > ¢™(0;«) for all < 0, — )
Vn

n

+ P, (T(a) > @(¢;a) for all § > 6, + \/ia_n) 1

Therefore, it suffices to show that for all € > 0, there is & € R, such that

P (700) > 2%(0s0) Tt <0 <) 21 (69

Van
The proof for the upper bound is symmetric. In the following proof, I use n for subse-
quence a,, to simplify notation.

First, I show that for all € > 0, there is k; such that

liminf P, (A, (k1)) > 1 — =, where (70)

€
6’
An(Rr) = {T(@) — 2, >d'(1-2 > T, for all 0 < 0, — ;%} .




To see this,

) - a—1n "
> Igéllglzu,b, Zg,gz > O 1(1 — T)’ for all 0 < 6, — %>

(ZE’B“ 2 Zup Zejy > el - %), for all < 6, — %)

K1

~

,Ag - )\f,i)g E/l eu - )\u,bu Rl

a-f,i)g N &beu/\/ﬁ - a-U7bu’

~

)\2762 B Aezi)l

> o711 -

a—1n
=)

‘3&32 / \/ﬁ

1 TR A WD VS W
=P,| &, > (A T- ) (A b b “’Z),
06762 Uu7bu Juabu/\/ﬁ O‘[’B[/\/ﬁ

) = Vil - w)

O-E,BZ

The existence of &, follows from

Vi (0= Aun) = 0p(1), Vi (As, = A, ) = Op (D).

Second, if mingeg pr (b, b) > —1, there is € € (0, 1) such that peu(b,by) > € — 1 with
probability approaching one by Assumption 1, 2, 3, and 4. Then, for all € > 0, there is
M € R such that

liminf P, (B,) > 1 — %, where B,, = By, U By, (71)
B, = {rgéilglpeu@,b) = —1} :

. . 1 Aub. — Ay _
B2n = {Tlfélélpeu(be,b) > _17 (1 + ﬁfu(béu bu)) L L < M}

&uybu /\/ﬁ

because

liminf P, (B, U Bay,)

=1 — liminf P,
>1 — liminf P,

>1 —liminf P,

and the existence of M follows from

Igglglpfu(bfa b) > _]-7 <]- + pfu(bﬂabu)>

1
> -1, -

§

>M)

)‘Uabu 7)‘u717u

Guby /NN

)\u,bu - )\u,b

a—'Ufybu/\/ﬁ

i by, b
r;lelll;pzu( ¢, b)

1

§

)\u,bu - j\u,bu
Gup/ /1

— 0p(1).

-1 )\u,bu - /\u,bu

&uybu/\/ﬁ

>M>

>M>



By similar argument in (70), there is ko such that

liminf P, (Cy(R2)) > 1 — %, where (72)

Ch(ia) = {T(e) >z forall § < 6, — %} , (73)

Z is defined in Lemma 6 with M given above (71).

In sum, let & = max {R1, ko, 0},
D, = {T(en) > &0, a°) for all < 6, — r@/\/ﬁ} ,

we have

lim inf P, (D,,)
> liminf P, (A4, () N B, N Ca(%) N Dy)
=liminf P, (A, () N By 1 Co())
> lim inf P, (An(7)) + Py (B )+Pn(Cn(/%))—221—g.

where the equality follows from Lemma 5: the three assumptions in Lemma 5 hold because
(i) & > 0, (ii) A,(r), (iil) B, N Cy(k). The last inequality follows from (70), (71) and
(72), and thus (69) holds. O

Lemma 3. Under Assumptions 1, 2, 3, 4, 5, to prove that

limsupsup sup P (0 g CI™ (5\”, f]n/m a)) <a,

n—00  PEP g [QP,ZﬂP,u]

it suffices to show that we have

limsupmax {P, (E,U{E,, NE,}), P, (E,U{E,NE}} <a-—n, (74)

n—oo

for all sequence {P,} € P> = x>, P, with
B, — {T(ek) > 5m(9k,e§3n)}, &, = mf{ >0 (c Ap,. n/n) < a} (75)

and P, satisfying

1. The convergence of 2,
Q(Pn) — Qg € S; (76)



2. The convergence of

Aoy — Ok Or — Ap,up
()\n,kf, /\n,ku) = (TLH—) ) (—%) — ()\kea )\ku)u (77)
0Pt b/ VI ) hep \ OPuup/ VI ) hep

with /\M € AO; )\uu S AO7 )\éuu )\muu )\m£7 )\uf € A,;

Ay = {)\ € [0,—1—00]'8' cmin N\, = 0}
beB

A= {/\ € [—00, +00]P - min A, < 0} .
beB

Recall that ¢™(0, c; ) is defined in (24) and p (c, )\pn,f]n/n> is defined in (27). Here I

omit P, in Op, 1, and o in & (04, ¢p ;) to simplify notation.

Proof. There is always a subsequence {n,}, {P,,,0,,} such that

limsupsup  sup P(H & C’Im(j\n, 2n/n;o¢)) =lim P,, (9% ¢ C’Im(j\na, f)na/na;oc)).

n—00  PeP O€[0p¢,0p

Since S defined in Assumption 3 is compact (e.g. in the Frobenius norm), and Assumption
3 implies that Q(P,,) € S for all n,, there exists a further subsequence {n,} C {n,} such
that

lim Q(P,,) = Q € S.

r—00

Also, note that the set [—oo, +00]®! is compact under metric d(, ) = H@()\) - CID(S\)H
for ®(-) the standard normal CDF applied elementwise, and ||| the Euclidean norm.
Therefore, there is a further subsequence {ns} C {n,} along which (77) holds. We have
found a subsequence ng such that (76) and (77) hold. Therefore,

limsupsup sup P (0 g Ccrm (Xmﬁ]n/n;a>> = liannPnS <¢9ns gCcrm <5\ns,ins/n5;a>> .

n—oo  PEP 0€[0,,04]

With slight abuse of notation, in the following equations I use n for subsequence n:

P, <9n ¢ (Xn, S /n; a>)
<P, <9n ¢ Crm (xn, S /n; a> Ap, € An) + P, (Apn ¢ An)
< max {Pn ([94, 0, ¢ CI™ (xn, S /n: a) Ap, € [\n) ,
P, ([em, 6, ¢ CI™ (Xn, S/ a) Ap, € An>} P, <)\pn ¢ [\n>
< max {Pn (T(eg) > &™(6y; q) or {T(@m) > &0, @) and T(6,) > & (6, a)} Ap, € An) ,

~

P, (T(eu) > (6, ) or {T(em) > (B, @) and T(6) > & (6;; a)} Ap, € An>}

4



+n+o(1)
<max{P, (E,U{E,NE,}),P,(E,U{E,NE}}+n+o(l).

Recall that ¢' is defined in (28) and ¢}, is defined in (75), thus the last inequality follows
from the fact that ¢, < é"if Ap, € A,. Therefore it suffices to show (74). O

Lemma 4. Under Assumptions 1, 2, 3, 4, 5, sequences (76) and (77), if
Iﬁélél Aeup € R, (78)

1t holds that

(705,00, Or,0:0)) 5 (Thes ) (79)
If
min Aoup = —00, (80)
it holds that
(705,40, Or,0:0%)) = (T (81)
and for all c € R
P, <T(epn,m) > c> 0. (82)
Proof. Note that
lim v/n (Ap, 04, — Ap,.up,) = limminop, bw = min 0 4 Aeub- (83)
oy nt,0¢ n,U,0u n bell n,U, O'Pn’f,_hb/\/ﬁ beB YUy u,

Thus the two cases in (78) and (80) correspond to whether the length of the identified
set of 6 is large asymptotically. I will show (79) under (78) in Step 1 and 2, then show
(81) and (82) under (80) in Step 3.

Step 1. Show that under (78),

(B(0p,.0), bu(0r, ), T (O, 1), @ (Ee(Op, 1 Bis)) @ (B (O, 1 Bra))

s (bre, biw, T, ® (tre(Bre)) , @ (tru(Bru) ) kb

k=0,m,u

where fg, t, is ty, t, in Lemma 1 with X, replaced with i]n/n,

tkk’(Bkk’) = (tkk’,l(b)a tkk'72(b))b€[3kk/
b (Op, Biw) = (B2 (0p,:0), T 2(0p,0.0) e+ b € {lu,mb K € {€ u}.

tir is defined in (42) and By, By, are defined in (41).

>



Step 1.1. Note that

T(@ ) = max } min S\E’b —Opuk min Op.k — S\U’b
Frok beB  Gyp/\/n | bEB  Gup//n

 Xeb—Apois  OPh  Apub = Aup  OPyab
— max {mln 5 % + ny%y AanZ’b, min n,U, u, + n,U, An,ku,b

beB, é'gyb/\/ﬁ CATM, beBy &u,b/\/ﬁ 0A'u7b
w.p.a. 1 . >\£,b - )\Pn,e,b OP,.Lb . >\Pn,u,b - >‘u,b OP,ub
= " max < min —- + = Ay kep, Min —= + — An kb
bEBye (Tg7b/\/ﬁ e bEByy, Uu,b/\/ﬁ Oub
d : .
— max s min Zy, + Agep, mMin Z,p + Neus ¢ - (84)
bEByy ’ ’ beEByy ’ ’

The first line is by definition, the second line simply rearranges terms with A, rep, Ankup
defined in (77). To see the third line, note that by Assumption 1, 2, 3, 4, we have

j\é,b - )\Pn,é,b )\Pn,u,b - 5\u,b (UPn,Z,b) (UPn,u,b> (85)
6'571)/\/% beB ’ a-u,b/\/ﬁ beB ’ 6—6,b beB ’ &u,b beB
i> (ZZ7 Zua 12|B|) .

In addition, for b € B,\Bys, Arep = 00, thus with probability going to one,

~

min >‘£,13 - 9Pn,k )\Z,bg - ePn,k )\e,be - /\Pn,é,bg )\Z,b - >\Pn,e,b UPn,K,b)\

~ < — < = - + —
beB O3/ G,/ G,/ Gop/ v/ oy Y

Aniep is defined in (77). Thus asymptotically, we can ignore B,\By,. With the same
argument, we can replace B, with By, in the second part. The fourth line follows from
(i) (85), (ii) Slustsky’s Lemma and (iii) the limit distribution is well defined because

gy = lim MPtd Z Ok e APtby = APyuwby _ T T0.u0A b

n op,p/Vn no o ep/ VN 00,00
Op, 1k — AP, ub AP, thy = APy ub,  TiNbeB 00.upA
: ) oy Wy : UZEs] nyYu EB 07 7b Z 7b
Akup = lim =2 > lim £ LT LY R

n O-Pn,u,b/\/ﬁ n O-Pn,u,b/\/ﬁ B 00,u,b

Step 1.2. Asfor ® ({&1 (Qk, Bkg)), let b € BM. If minpgu(b, B) = —1, then ¢ (tk&l(b)) =0
beB

€ R, (86)

by construction in (42). Note that rbréiélpgu(b, b) = —1 implies Ay = —aA, j for some a >
0, thus Igéillglﬁgu(b, l~)) = —1 for all samples, thus with probability one, ® (fg,l(Hk, b) =0, and
the convergence is trivial. Then consider minpy,(b,b) > —1. By (86) and the definition
of By, we have \irp € R, and thus e

D (tp1(6k,0))



) . N\ 5 Oub . = 5 Oup
=min ¢ <1 + peu(D, b)) Zup 5 Ap ks T Pea(b,0) | Zep + - APy kb
b

beB u,b

= O (tre1(D)) .

~\ —1 ~
% min @ ((1 00 ®:8)  (Zus+ A+ pralb D) (Zeo + Ak@,b)))

Thus
® (tg1 (0, Bie)) % @ (teea (Bre)) - (87)

This argument also applies to @ (t2(0k, Bie)), @ (tu1(Ok, Biw)), @ (tu2(0k, Biu))-
Step 1.3. Let
g(X,)Y)=1[X <Y].

For by, by € By, by # b,

P (Zop, + Metor = Zopy + Mtpy) = P ((Aepy — Arpy) Zs = Metopy — Metpr) = 0,
following from Agp, # Arpy, Zs ~ N(0,8), Qo non-singular and Agep,, Aees, € R. Thus
9 (Zopy + Metprs Zopy + Mktps)

is almost sure continuous. Thus by continuous mapping theorem, it holds that

9(Zeps Zopy) Ly (Zopy + Metbys Zopy + Mitps) - (88)
Similarly, we have

9 (Zubes Zepy) Ly (Zubs + Mewpss Zopy + Mitpr) - (89)
Then consider by € By, and by € By,,. (1) If Agp, # Aup,, similar argument holds,

9 (Zenss Zups) = 9 (Zupy + Mt Zus + M) (90)
(ii) if Agy, = Auy,, then

9(Zeprs Zups) = 9(Zopy + Metpr> Zupy + Meupy) = 1
for all samples, thus the convergence holds trivially. The convergence in (84), (87), (88),
(89), (90) holds jointly.
Step 2. Then I show the convergence of ® (¢°(0, «)).

o (éC(Qk, 04))



= ((1 —)® (tm(ek, B@)) +ad (te,l(eka 5@)>> 1 [Ze,aé = Zub}
+ ((1 —a)® (tu,Q(eka Bu)> +ad (tu,l(ﬁm f)u))) 1 [Ze,fu < Zub}
— Z Z 1 (20 > Zubes Zopy < ZiBrobns Lube < ZuBrbs] X

b1E€Byp b2€Byy

((1 — Oé)q) (tg’g(ek, bl)) -+ ad (t&l((gk, b1>>)
+ Z Z 1 [Ze’bl < Zubyy Zeby S Z2eBb Zuby < Zu78ku\b2] X

b1€Byg ba€Byy,

(1 @)® (.20, b2)) + 0 (1 (r. b)) wpaa. 1
In addition,

1 (200 = Zupys Zopn < ZiBrvns Zube < ZuBro\bs]

=9 (Zupys Zeny) H Q(Zf,blazg,z}l) H g(Zu,be%im)
l;lEBkg\bl I;QEBku\bg

1 [Z&bl < ZU,bw Z£7b1 < Zg,Bkl\bNZU,lH < Zukau\bQ}

- [1 - g (Zu,b27 Z&h)] H g (Zf,bu Zf,fn) H g (Zu7b27 Zu,Bg)
b1€Bre\b1 b2€Bry \b2

Since all function are almost sure continuous as discussed before, we have
P (& (0, @) % (¢ ()

following from (87), (88), (89), (90).
Step 3. Now assume (80) holds. We can show that

~

<BZ(9Pn,k)7 Z;u(epn,k% T(epn,k)a o (-EZ(QPT“IW Bk@)) ) o ( u(ePn,ka Bku)))

s (bt bk, T, @ (tre(Bre)) , @ (tru(Bru))) e

k=Clu

with similar argument as Step 1 and 2. Regarding (82), note that

T(e ) . ;\E,b - em . Qm - ;\u,b
») = max { min ————, min ———=
beB Gyp/\/n bEB Gyup/\/n

< max S\Z,b[ - Qm em - j\u,bu
- Gop /NN Gup, /N

= max )\£7bl _ >\£7b£ T2be /\U?z B 9’m )\u,bu - 5\u,bu —+ Ou,by Hm - )\u7b
6-&1”/\/% a-f’bl O-E’bg/\/ﬁ 7 C}%b/\/ﬁ a-u,bu O'u7bu/\/ﬁ




By (80), (83) and 6,, = (6, + 6.)/2,

)\g by — Qm Qm - )\ub

lim ————= = —o0, lim ————= = —o0.
n O/ o Oup,/ VN
Thus it is easy to see (82) holds. O

Lemma 5. Assume that (i) 0 < 6,; (ii) n € [0,a/4),

~ _ a—1n
T(6) = 2,5, > 0711 - ), (91)

(i) either
min pg, (be, b) = —1,
beBs

or

~ /3 -1 )\u w 5\u w —

7(0) > z, (93)

where M € R, z is defined in Lemma 6 with M given in (92). Then

A

7(0) > é™(0, ). (94)

Proof. Note that ¢* < ®~1(1— %51) by construction, thus under (91), T(0) > ¢ and (94)

is equivalent to

~

T(0) > &(0, a°). (95)

If min; g ,(A)gu(i)[, I~)) = —1, then

&(0,a%) = oL ((1 —a)d (tm(e, m)) <ol (1-a) <o7(1-3).

In this case, (95) holds trivially. If min;_, peu(be,b) > —1, we have

~

~ ~\—1 ~ o~
tg’l(e, be) = Igélllgl <1 + pzu(bg, b)) <Zu’5 + pzu(be, b)ZU;z>

N ~ 0 )\ub
< (1 ‘f‘pfu(bg,bu)) (CM NG + prulbe, bu )Ze,izg>

~

~ 7 -1 )\u >\
(1 + pgu(bg, bu)> (# + péu(bb b )Z&Z;Z)

Zf,Bg’

IN

M +

VAN
N =



where the second inequality uses 6 < 6, < A, 4, by (i). Then

o (T(e)) — 3 (5, a%))
— (T(e)) —atd (tm(e, 66)) —(1—a%)® (tm(é, Bz))
>0 (2,;,) - a0 (M + %ZM;Z) —(1-a)
—H (2,5, M) >0,

with H(z, M) defined in Lemma 6. H(Z,;,, M) > 0 follows from (93) and Lemma 6. [J

Lemma 6. Let .
H(z,M)=®(z) —a® <M + 52) — (1 =af.
For all M € R, there is some Zy; € R such that H(z, M) > 0 for all z > z);.

Proof. Note that

e (g (-5 )).

and thus there is Z;; € R such that %ZZ’M) < 0 for all z > z,;. Also note that

lim H(z, M) = 0.

Z2—00

Therefore, for all z > zy;, we have H(z, M) > 0. O

Lemma 7. Let o € (0,3), a® € ($,), n € [0,%2). Recall that ™ = &1 — %). Let

H(C,A,p):¢2(—c,A—c;p)+@(—%—c), (96)
pya,n) = S {p : S&)}H (™ A p) <a- n} : (97)

For all € > 0, there is ¢ < c*™ such that
sup  sup H (¢,A,p) < a—n. (98)

p<p3(a,n)—€£A>0

Proof. First, we can check numerically that for « € (0, %),

: a : A . 3
sup H (™, A,0) =sup =P (A—-c"") 4+ ——-—-C""| < -a<a-—
sup B (¢ .0) =sup 5 (A=) 0 (<G =) <Jacay
and thus p3(a,n) is well defined.

10



Second, I show that for all ¢ € (0, ™|, it holds that for all |p| < 1,

sup H (¢, A, p) = sup H (c, A, p) (99)
A>0 A€[0,A]

where A = 2¢5™ 4 | /4(c5m)2 + 8 /31og(2). The first order derivative gives that for all
A>A,

W — 6(A —0) [cp (@%ﬁ) _ %exp (gA(A _ 4@)]
< ¢(A—c) [1 - %exp <§A(A — 4csim))] <0.

Therefore, (99) holds for all ¢ € (0, ™.
Third, let p = p3(a,n) — &, and by construction,

a—n> sup H (™ A ps(a,n))
A€[0,A]

AH (™ A, 5(A))

= sup H (™ A p)+ §
A€0,A] ( ) dp

> sup H (cSim, A,ﬁ) + a& (100)
A€[0,A]

where
dH sim A5 ) )
a= inf (Cd 7 ,p) = inf 0] (—CSIm,A — cSlm;ﬁ) > 0.
A €[0,A] p A€ [0,A]
p € [p, p3(c,m)] p € [p, p3(cr,m)]

Rewrite (100) we get
sup H (cSim, A,ﬁ) <a—n-—ad.

A€[0,A]
Lastly,
dH (c, A, p) (p—1)c—Ap cp—c+ A A
LGP _ga—e)o| L2 e LPET2) (-2 ).
S _pa-o ( S ) —otcan(P ) el
Let
H(c,A
b=— inf di (e 20p) g,
p€[0,03 ()] €0, A€(0,4] de

Choose ¢ = ™ — ;—g, and then for all p < pi(a,n) — &,

. dH (¢(A), A
sup H (CSlm, A, p) = sup H (E, A, p) + (C( )7 7p)
A€[0,4] A€[0,A] de

(¢~ 2)

11



> sup H (¢, A, p) —b(™ —¢). (101)
A€[0,A]

In sum, for all p < i, ) — & by (99), (100), (101),

sup H (¢, A,p) = sup H (¢, A, p) < a—n—af—l—ba—f <a-—n.
A20 Ag[0,4] 2b

Lemma 8. Suppose Assumptions 1, 2, 3, 4, and 5 hold. Let o € (0,%), a® € (%, a),
n e [0, aéac). Assume that Ay = A, and P satisfies that

sup p@(bﬁv bu) < p;(aa 77)7 (102)
PeP

where p3(a,n) is defined in Lemma 7 equation (97). Then there is o/ > « such that

/
.. . s p-l(] g —1
hmnlnf Pl)rel;)P (c <o (1 5 )) 1 (103)

Proof. Let

1
6 = 5 (p;<a)n) — sup Pf(bé,bu)> > Oa
PepP

and it is easy to see that n < a‘;‘c < 2. Therefore, by Lemma 7, there is ¢ < ®~1(1 — %)

such that (98) holds. To show (103), note that

. . . ~t < _ > . . . s - < -
hIIlnlIlf IgrelgDP (c < c) > hH%IIlf Jgrelgjp (ilellzp(c,/\, Yo/n) <« 77)

> liminf inf P (2, N\, 2, /n) < o —
> lim inf inf (ilellA)p(CH /n) <« 77)

Recall that

p(E, N, 3 /n)
— max {P (T(eé) > @ (6, 2) V {T(em) > @0, 8) AT(0) > (6, a)} N, in/n))
P (T(eu> > &(0,,8) V {T(em) > (0,0, ) AT(0,) > (0, 5)} LN, in/n))}
< max {P (T(ee) >zor T(0n) > & N\, f}n/n)) ,

~

P (T(em) >zor T(0,) > & N\, in/n)) } .
Thus it suffices to show that

sup P (T(@g) >cor T(0) > N, in/n)> <a-—nwp.a. 1 (104)
A€A

12



The proof for the upper bound is similar. To see (104),
P (T(@e) > zcor T(0) > & N\, in/n))

=0, . Oy - .
<P max{rglelél Py min Ub/\/_} N(A,En/n)>

A =00 N, — 0 R -
<P (mm{%e/\/ﬁ o /\/_} or EWN > ¢ N(A, En/n)>

Hu 0( } ;o gm - eu T > _)
I — — » C
HEWNG N

SP(Zbg>C, Zbu+u>0;>+ (M—Zbu>c)

(=)

where (Zy,, Zy,) ~ N (0, [1, pe(be, by)); pelbe, ba)), 1], A = 2202 > 0 and H(c, A, p) is in

NG
(96).

Under (102) and Assumptions 1, 2, 3, 4, and 5, it holds that
pe(be, bu) < p3(a,n) — & wop.a. 1.
Thus (105) gives that w.p.a. 1,

2 (T(eg) >zor T(0,) > & N\, i)) < H (@ A, po(be, by))

< sup supH(¢Ap)<a—n
p<p3(am—E A0

where the last inequality follows from the construction of ¢.
Lemma 9. p(c) in (44) is continuous at ¢ > 0.

Proof. For € > 0, let
pr(c,e) =P (cp(c) > Ty > (c—¢)) < Plc—e<Tp <c).

Then
lim py, (¢, ) = 0

for all ¢ > 0 since (i) under (78) and k = ¢,m,u, or under (80) and k = ¢, u, T} is

13



continuously distributed, (ii) under (80) and k = m,
Plc—e<T,<c)<P(c—e<Ty) =0.
But then with Ex(c) = {P(Tx > c*(c))},

plc =€) —p(c)
<max{P (Ey(c—¢)or {E,(c—¢)and E,(c—¢)}) — P(Ec) or {E,(c) and E,(c)}),
P(E,(c—c¢€)or {En(c—¢)and Ey(c—¢)}) — P(E,(c) or {E,(c)and Ei(c)})}

S p@(ca 5) +pm(c7 8) _'_pu(ca 8) ﬂ 0.

Thus p(c) is continuous at ¢ > 0. O

Lemma 10. Let

H(p,a%) = (1 =a)®@((1+p)Z) + @ ((p - 1)5), (106)

__ 1, (a=a9i+p)

It holds that

1. foralla € (0,3), a® € (£, a), there is a unique solution pi(c, a®) € (0,1) such that

H (pi(0r.0),0) = 1~ 5. (108)
2. Let £ > 0. There is € > 0 such that for all p € [0, pi(a, a¢) — &],
a
H(p,a%)<1-— 5 €& (109)

Proof. Straightforward calculation gives that for all p € (0,1),

() o

2

U)ot . ((1 — ) (p+ 1>)—“15>

dp 7l ac(1— p)

In addition, note that

1 1—a%)(1
lim = = lim {/ — log ( )1+ ) = +00,
p—1 =1\ 2p ac(1—p)

14



1 1—a%)(1
lim=Z = lim {/ — log ( )1+ p) = +00,
p—0 p—0\| 2p ac(1l—p)

thus
lim H(p,a®) = (1 — %)+ ~a° =1 - %= 512
im —af)+-a=1—— - =
p—1 Py 2 2 2’
. c\ __ e\ 1 _ AC . g
ll)l_)I%H(p,Oé)—(l ay=1—-a°<1 5
where the inequality follows from a° € (§, ). Since H(p,ac) is strictly increasing in
p € (0,1), there is a unique solution p* € (0, 1) that H(p*,a®) =1 — 5.
(109) holds trivially with ¢ =1 — ¢ — H(pj(a,a®) — &, af). O

Lemma 11. Suppose Assumptions 1, 2, 3, 4, and 5 hold. If A, = A, and

by, by) < 110
i‘;g%???g%%pﬂ( 1,b2) < pi(a, ), (110)

where pi(a, a®) is defined in Lemma 10, then there is o > « such that

liminf inf P <T(9) > ¢4(0;a°) for all 0 & CI™(\,, in/n,a’)> = 1. (111)

n PeP
Proof. Let
&= —1 min *( ) — (b b ) *( C) >0 (112)
= 1 o, o Sup max min o, o .
2 1 ’ pep bieB baeB pe\DL; D2 1 ’

By Lemma 10, there is € > 0 such that H(p,a) <1 — ¢ — ¢, with H(p,a) defined in
(106), for all p € [0, pj(av, a®) = £]. Next, I show (111) for o/ = min{a® + §, a +€}.
Consider 6 & CT™()\,, %, /n,a’). Denote

Aoy — 0
Gop/\/1

Without loss of generality, assume that

Zy = Zip = —2p, Zup = Zyp.

~

T(0) = Z1 and p12 = p(1,2) < pi(e, ) = &
The inequality happens with probability approaching one. In this case

-1 B Sz
g =min (14 5(1,8)) (2554 (1. D)Z,0 ) < PEE=Z2
vep 7 L+ pro
22— P2y

-1 N
tuo =  min (1 — pe(1, b)) (Zul; — pe(1,0) 2, 1> < -
) )< ) ’ 1 —p12

beB:pu(1,0)<

15



0 is rejected if
D(Z)) > P(c°) = (1 —a)P (ty2) + D (tu1) -

By construction, Z5 > Z, thus it suffices to show that

®(2;) > sup G(z9) where (113)
22227
Z — p1221 Pr221 — 22
G(z)=(1—-a)? | ——— —|—O¢C(I)<—A>. 114
() = (1o (20221 = (114

The first order derivative of G(z2) with respect to z; is

1= p12 1 — p1o 1+ i 1+ p1o

g(z2) > 0 is equivalent to

1—a1+p 25 — Zip12)?
log( « +012> > P12 (22 1/)12). (115)

ac 1 —pi (1 - /5%2)2

(i) If 2a° — 1 < p1a <0, then (115) holds trivially, and thus

sup G(z2) = lim G(z) =1—a°< ®(2),

29 221 22— 00

and (113) holds. The inequality follows from 1 — %/ >1—af
(ii) If —1 < p1a < 2a° — 1, straightforward calculation shows that G(z2) decreases in

max {24, 25}, 23] and increases in [z, +00), where
2% = paZi + (1= p)VE.

and = is defined in (107). Thus

sup G(zg) < max{G(Zl), lim G(Zg)} <d(Z).

29 221 22—>00

(iii) If pr2 € (0, p*(ev, @) — §), straightforward calculation shows that G(z,) increases

in [max {2,235}, 23] and decreases in [z, +00), thus

sup G(zg) < G(z3) = (1 =)@ ((1+p)3) + @ ((p - 1)Z) < @ (2)

22221
The last inequality is by Lemma 10. O]

Lemma 12. Suppose Assumptions 1, 2, 3, / hold, and P, satisfies (34). An is defined
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as in (51). Let a € (0,1), a® € (%,a), n € [0,25%). Then there exists o’ > a such that

O/
liminf inf P <o '1-—2)) =1

Proof. Consider P, € P, satisfying (77) and (76). I show that there is £ > 0 such that

sup ﬁ(CSim7 )\7 XAln/n) S a—1— 5 w.p.a. 1. (116)
pYW

Then since sup,¢z p(c; A, 3.,/n) is continuous in ¢, there is ¢ < ™ such that

sup p(d, A, £, /n) < a
A,

and the conclusion holds with o/ =2 (1 — ®(¢)). To show (116), I consider two cases.
Case 1: n =0 and thus An = A. By definition,

e, A, D) < max {p (T(eg) > (B, ¢) or T(0) > E (O, ) NN, z)) ,
2 (T(eu) > (0, ¢) or T(0) > & (O, ¢); N\, 2))} .
Therefore, it suffices to show that there is & > 0 such that

sup P (T(é’g) > @0y, ™) or T(0) > E (0, ™) NN, Zn/n)> <a—¢
AeA

and same argument applies to (117). To do so, let

(A ™) = sup P (:ﬁ(@) > &0y, ™) o1 T () > & (0, ™) N, 2))

(A\E)eD(A)
D(A) = {(% ¥) : ¢ — Ay,  min L Ay, min SR A3} .
Ouby b:Ag v # Aoy, Oub b: Ay b7 Ay, Oub

If {b: Ay # App,} = 0, then Ay = co. Same for Aj.
For Al :0, QZZQUZQ Ifo< AQ,Ag < 00,

0 AZ) A3> Slm

= sup ( > (0, ™) N (A, Z))

(\X)eD(A

A 0 — \, .

< sup (mm C N (A, E)) + P (min Lo o NN, E))

)\ E ED beB O-[ beB O'u’b

Mew — 0 Moy — Moy .
sup (mln{ he — 7 ZLY LA AZ} > M N(A, E))
(AZ)eD(A Otb, Oep

17



0— Ay Ai—A,j .
+ P (min{ why Twb  Tuwb Ag} > cS‘m;./\/()\,E)) <.

O-'Uqbu O-u,g

In addition,

lim p(0, Ay, As; aSim)

A2’3~>OO
. e Moo, — 0 - 0— A\,
= lim  sup P[7T(0) >0, T0) =222 or T(0) = — 24 N(A,T)
A2,300 (\ )eD(A) O¢ Ou,by

<a’ <«

where the second line follows from

lim P (T(e) _debe = b gy = D A A“u) =1.

(Az,Az)—00? O0,b, Ouby
By the continuity of p(Ay, Ay, As; a®™) in (Ay, Az), we get

sup p(0, Ag, Ag; a®™) < a.
AsA5>0

For all A, > 0,
sup ﬁ(Ala Ag, As; 0481m)
AQ,AgE[O,OO)

= sup sup P (T(Ge) > M or T(0,) > ™ N (A, E))
()"2)3%=A1 (sz)ED(A)

< sup P <max {min Avo ez,min Om = O + Ou = )\u’b} > M N, Z))

I beB3 beB
(,\,2):7‘;2 b“’e —A, € 9ep € Tub Oub
»Yu

~

Aep, — 0 . A Oupy = g
< sup P (—é’b‘ £ poimgp — 2Ly Zwhe © Zuy M N, Z))

PEARIELEN Oty 2 Tuby
w,by

<P (N(0,1) > ™)+ P (—% +N(0,1) > cSim) < a.

In addition,

_ : a
lim sup  p(Ay, Ag, Az ™) = — < a.
A1=90 Ay, Az€[0,00) 2

In sum, by the continuity of p(A1, Ao, Ag; a*™) in (Ay, Ay, Ag),

sup  p(A1, Ay, As; a®™) < a.
A€[0,00)3
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It follows that there is £ > 0 such that

sup P (T(Gg) > (0, ™) or T(0,) > ™ (0, ™): NN, f]n/n)>
AEA

< sup P(Ag, Ay, Az M) <a— €
A€[0,+00)3
and (116) holds.
Case 2. n > 0. There exists k|, — 0o and k], < k, such that

R
An Q An = {)\ . >\u,b“ — )\Z,bg 2 \/ﬁ} Ww.p.a. 1.

Thus

sup p(c™, A, 2,,/n)
AeA,

< )\Su{F max {P <T(9¢) > M N (A, f)n/n)) , P (T(@u) > MmN (A, f)n/n)>} w.p.a. 1
€Nn

Mev, — 00 0p—0, 0, — A . .
< sup maX{P (max{ L u’b“} >cSlm;N()\,2n/n)>,

AEA, &f,be/\/ﬁ’ 6u,bu/\/ﬁ &u,bu/\/ﬁ
Aevy, — 00 0r—0, 0, — A . .
P (max{ £,by l + 0 u u uJ)U} > CSlm;N(A, En/n)) }

Gop /NN oy /NN Gup, /1

=P (N(0,1) > &™) + 0,(1) = % +0,(1) <a—nwp.a L

Thus (116) holds with £ € (0, § —n). O

E Union Bounds in Rambachan and Roth (2023)

In this section, I show that in RR23, causal effects in any post-treatment period, or their
linear combinations, can be represented as a union bound identified set under both the
relative magnitudes and second-difference relative magnitudes relaxations. Nevertheless,
if additional context-specific restrictions, such as sign or monotonicity constraints, are
imposed, the identified set may no longer be characterized as a union bound.

Consider a simple panel data model with t = =T, ..., T. Let v € RZ*T be a vector of

“event study” coefficients, which can be decomposed as

B APre B fpre
7= ,.ypost o T+ é‘post ’

t t . .
grre = <§’i7z, ...,{71716), gpost — (ffos B Laa ), and v = &' is normalized to zero. The

target object 8 = /7 is the weighted average of the average treatment effect on the treated
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for post-policy years, and £ represents the bias from differences in trends.

Under the relative magnitudes relaxation,

‘Spost post| < M maX |€§:—61 . €§T€| ]

.....

The identified set of 6 is (1) with A\, = A, = A9,

1 pre épre
— M |L/L| 1TxlzZ= 1.1 I — 11 5 —
~M /L 17,0Zr, 111 | g 7 VIH pre éffm"e
1 1 --- 1 /Aypost

where |¢'L| denotes the vector obtained by taking the absolute value of each element of
/L.

Under the second difference relative magnitudes relaxation,

|(ft - ft—1) (ft 1— & 2)| < M max |(§s+1 - 55) (fs - 55—1)| .

,..., 4

The identified set of 6 is (1) with A\, = A\, = Ad,

_ [L'LMITb Lir—1)x1

0= (A_gya, -, Ao, /4P + HE ),
VLM Ty, 1(T1)X1] (A 1y 0,47y &)

tt+1) TT+1)Y\

H=(1,.,T), L= (1,3,...,

Ay = (ft - ft—l) - (ft—l - ft72> :
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